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Editorial comments 





As we read 


E. W. HAMILTON Associate Editor 


Wiediteneibiins, the ultimate goal of 
most education, is not limited to arith- 
metic nor even to the whole of mathe- 
matics. As arithmetic teachers, we profess 
to deal with the quantitative and spatial 
aspects of the common problem that man 
encounters in his effort to adjust to or to 
control his environment. 

If we define the activity of problem- 
solving, just as John Dewey described the 
complete act of thought, we start with “a 
felt need,’ a state of doubt or indecision 
as to which of several choices to make in 
resolving the doubt and restoring a state 
of equilibrium. 

This disequilibrium, described by the 
term, ‘‘felt need,” is not the result of inno- 
cence or ignorance. We have to be aware 
of a problem before we can even be unde- 
cided about its solution. We also have to 
be concerned. Unless there is anxiety 
about the solution, we are not in a state of 
doubt, and we are not ready to attack a 
problem. 

The first job of the teacher is to bring 
about this awareness and to enhance situ- 
ations so that they challenge the student. 
The second job of the teacher—second in 
order of position although equal to the 
first in importance—is to raise the right 
questions in order to help the student form 
a plan of attack. 

The success of fundamental problem 
units must be attributed, in part at least, 
to the fact that they draw on common ex- 
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periences and thus capitalize on already 
existing awareness. Furthermore, they op- 
erate in an area such as household eco- 
nomics where genuine anxiety frequently 
exists ready-made. 

Some of the experimental materials now 
available from several sources take an 
entirely different approach. A number of 
instances have already been reported in 
which children who used such material 
performed surprisingly well on conven- 
tional standardized tests. This suggests the 
strong possibility of attaining the usual 
goal of economic competence as a by- 
product, so to speak, of working with ideas 
and symbols in a much more general way. 

This does not come about automatically. 
The creation of awareness and the expan- 
sion of that awareness to a magnitude suf- 
ficient to capture the imagination of chil- 
dren require a teacher with a different 
understanding of how numbers work. 

The evidence presented by Nelson and 
Worth as to the superiority of Canadian 
trainees in education should give us pause. 
The strong possibility that this superiority 
is due to a better high school background 
in mathematics should set us to exploring 
the backgrounds of our prospective teach- 
ers, as well as the rigor of the collegiate 
courses we offer them. We are still suffer- 
ing from some of the sins of the recent past 
and are only gradually emerging from a 
period of very casual selection of arith- 
metic teachers, as well as casual attention 
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to the place of arithmetic in the curricu- 
lum. Within the last ten years, I visited a 
Midwestern city where the established 
policy was to hire grade-school music 
teachers whose further assignments were 
to teach departmentalized arithmetic. 
This was no worse, I suppose, than the 
practice of hiring a coach and then assign- 
ing him to teach high school mathemat- 
ics. This was common in my high school 
days and may still be practiced in the 
hinterland. At any rate, I submit the 
above as an example of the ultimate in 
casualness about the arithmetic program. 
The fact that any problem-solving ability 
develops under such circumstances must 
be attributed to chance, to the natural 
curiosity of childhood, and to the sagacity 
of interested parents. 

Introspection is a powerful tool. The 
reader who tests assertions against his own 
experience as a learner may be hard to 
please, but he profits from his reading. 

With due regard for your own biases, 
consider the following questions as you 
read this issue of THe ARITHMETIC 
TEACHER: 


1. What effect, if any, will a careful dis- 
tinction between exercises and prob- 
lems have on the child? Would it have 
helped us at the same age? 

2. What is the child’s reaction to con- 
trived problems? Does he insist upon 
reality in his stories, games, and other 
activities? 


146 





3. What about all those suggested tech- 
niques—the do’s and don’t’s of the 
textbooks? How many do we remember 
as being effective in our own childhood? 

4. Do you remember any occasion when 
you were given the opportunity to ex- 
plain a project? 

5. What is the present balance between 
the demands of business and the de- 
mands of technology? This requires a 
judgment as to usefulness, not in terms 
of the past fifty years but in anticipa- 
tion of the next fifty. 

6. If, as Brownell suggested years ago, ma- 
turity depends upon experience and 
not merely upon the passage of time, 
how much and what should we teach in 
the early grades? 

7. What drove us as we learned to solve 
problems? What intrigued and stimu- 
lated us? How might we have reacted 
to some of the techniques and materials 
now available? 

8. What is our own personal view of the 
learning process? Is it that of a gradu- 
ally rising curve, which records small, 
regular increments, or is it character- 
ized by irregular, often steep and ab- 
rupt jumps from one level of learning 
to another? 


These questions are not intended to be 
either complimentary or critical with re- 
spect to the present articles. They are 
meant merely as a help in promoting criti- 
cal reading. 


The Arithmetic Teacher 





Mathematical competence 
of prospective elementary teachers 
in Canada and in the United States 


L. DOYAL NELSON ann WALTER H. WORTH 
University of Alberta, Edmonton, Canada 

Both Dr. Worth and Mr. Nelson are faculty members of the Division of 
Elementary Education at the University of Alberta. Mr. Nelson has particular 


responsibilities for the mathematics education of elementary teachers in training. 


Shudies like those conducted by Glennon,} 
Weaver,’ and Phillips* indicate that many 
prospective elementary teachers in the 
United States have neither facility in the 
computational processes which they are 
expected to teach nor a firm grasp of the 
mathematical underlie 
these processes. Do prospective elemen- 


concepts which 
tary teachers in Canada exhibit a similar 
lack of facility and understanding in the 
field of mathematics? One way to try to 
answer this question is to compare the 
mathematics test performance of selected 
groups of prospective elementary teachers 
in Canada and the United States. The 
present article reports on a study in which 
this was done. 


Purpose of the study 


The specific purpose of the study was to 
compare the mathematical facility and 
understanding of selected groups of pro- 
spective elementary teachers in Alberta, 
Illinois, and Massachusetts. 


Method 
Subjects 


The subjects of the investigation were 
468 prospective elementary teachers en- 
rolled in the Faculty of Education at the 
University of Alberta in September, 1959. 
Included were 311 one-year Junior Ele- 


mentary students and 64 first-year, 66 
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second-year, 21 third-year, and 6 fourth- 
year students with Bachelor of Education 
degrees. The mathematics preparation and 
teaching experiences of these students is 
indicated in Table 1. 

The comparative subjects were 52 sen- 
iors in elementary education observed by 
Phillips* at the University of Illinois and 
348 sophomores, juniors, and seniors in 
the elementary teacher-education program 
examined by Weaver at Boston Univer- 
sity. 


Instruments 


The Phillips Achievement Test in Ele- 
mentary Arithmetic® was used to measure 
facility in mathematical processes. The 
Phillips test consists of forty items de- 
signed to assess operational skill in per- 
forming the conventional operations in 
whole numbers, common fractions, deci- 
mal fractions, per cents, and verbal prob- 
lems which are commonly taught in the 
elementary school. Understanding of the 
mathematical concepts underlying these 
processes was measured by Glennon’s Test 
of Basic Mathematical Understanding.’ 
Glennon’s test is made up of eighty items 
covering five areas of basic mathematical 
understandings: the decimal system of no- 
tation, integers and processes, fractions 
and processes, decimals and processes, and 
rationale of computation. 
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Table 1 


Comparison of students enrolled in elementary education 
in September, 1959, with regard to mathematics preparation 
and teaching experience expressed in per cent 








Junior 





Bachelor of | Bachelor of | Bachelor of 
Elementary Education 1 Education2 Education 3 


Bachelor of 
Education 4 





No Y 





Yes es No Yes No Yes No Yes No 

Grade 12 mathematics 60 40 94 6 83 17 38 62 50 50 
(“B” or higher standing) 

University mathematics 0 100 0 100 0 100 14 86 17 83 
(Content) 

Methods of teaching 0 100 0 100 41 59 95 5 100 0 
mathematics 

Teaching experience 0 100 0 100 20 80 71 29 33 67 


Data collection 


The tests were administered at the time 
of registration in September, 1959. No 
time limits were applied to the adminis- 
tration of either test. The students were 
permitted to work at their own rate and 
take as long as they wished to complete 
the tests. All students took the Phillips 
test and then the Glennon test. The scor- 
ing was done according to a key by a 
trained marker. Weaver followed a similar 
procedure in giving the Glennon test to the 
Boston students during the period from 
1953 to 1955. Phillips administered his 
test to the Illinois group in 1959 in much 
the same fashion. 

Data concerning the students’ back- 
grounds were secured by means of a sim- 
ple questionnaire, completed by the stu- 
dents at the outset of the testing period 
and from official university records. 


Statistical treatment 


Means and standard deviations were 
calculated for each of the Alberta groups 
on the Phillips and Glennon tests. Com- 
parisons were then made between the 
mean scores of the Alberta groups and 
those reported for similar groups in the 
United States on the same tests. Weighted 
t values were obtained by the Cochrane- 
Cox method*® to test the significance of 
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differences between means. No assump- 
tions were made about the population var- 
iance. Critical values for ¢ were set at the 
.05 level. 


Findings 
Mathematical processes 


The scores made by each of the Alberta 
groups on the Phillips Achievement Test 
in Elementary Arithmetic are indicated in 
Table 2. Also shown in Table 2 are the 
scores of prospective elementary teachers 
at the University of Illinois. 

As Table 3 shows, the mean scores of 
each of the Alberta groups were signifi- 
cantly higher than that of the Illinois 
group. No significant differences were ob- 
served, however, among any of the Al- 
berta groups. 


Mathematical concepts 


The scores made by each of the Alberta 
groups on the Glennon Test of 
Mathematical Understanding are _ indi- 
cated in Table 4. The scores of the elemen- 
tary-education students at Boston Uni- 
versity are also shown in Table 4. Use of a 
composite score for this latter group was 
supported by Weaver’s® report that 
the means of the freshman, sophomore, 
and senior groups did not differ signifi- 
cantly among themselves. 


Basic 
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Table 2 
Scores of prospective elementary teachers 
on the Phillips Achievement Test in Elementary Arithmetic 
ae va Illinois | 
Junior Bachelor of Bachelor of Bachelor of Sentese 
Elementary Education 1 Education 2 Education 3 & 4 
Number 311 64 66 27 54 
Mean 30.84 30.78 31.56 32 .46 27 .52 
Standard deviation 6.51 6.47 5.72 7.25 8.31 
Table 3 
Significance of difference between means 
on the Phillips Achievement Test in Elementary Arithmetic 
Bachelor of Bachelor of Bachelor of Illinoi 
Education Education Education S a 
1 9 3 & 4 Seniors 
‘crit. ‘obs. ‘crit. ‘obs. ‘crit. ‘obs. tcrit. ‘obs. 
Junior Elementary 1.99 0.07 1.99 0.91 2.05 1.13 2.01 .2,74" 
Bachelor of Education 1 2.00 0.73 2.04 1.04 2.01. 2.31° 
Bachelor of Education 2 2.04 0.58 2.01 2.4i* 
3achelor of Education 3 & 4 2.04 2.73* 
* Significant beyond the .05 level 
As is shown in Table 5, the mean scores Implications 
of each of the Alberta groups were sig- From these data it might be inferred 


nificantly higher than that of the Boston that the mathematical competence of pro- 
group. The mean score of the Bachelor of spective elementary teachers in Alberta is 
Education 2 group was significantly relatively higher than that evidenced by 
higher than that of either the Bachelor of their counterparts in Illinois and Massa- 
Education 1 or Junior Elementary group. chusetts. Additional support for this hy- 
Similarly, the mean score of the Bachelor pothesis may be found in the fact that ex- 
of Education 3 and 4 group was signifi- perienced elementary teachers on the At- 
cantly higher than that of either the Bach- _Jantic seaboard" and in the state of Utah" 
elor of Education 1 group or the Junior Ele- _ are reported to have obtained mean scores 
mentary group. on the Glennon test of only 43.82 and 


Table 4 


Scores of prospective elementary teachers on the Glennon Test 
of Basic Mathematical Understanding 











Boston 
Junior Bachelor of Bachelor of Bachelor of — 
Elementary Education 1 Education 2 Education3&4 Composite 
group 
Number 302 63 66 27 348 
Mean 56.17 57 .24 60.41 62.11 44.60 
Standard deviation 9.27 9.34 7.91 7.79 11.87 
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Table 5 
Significance of difference between means on the Glennon Test 


of Basic Mathematical Understanding 





Bachelor of 








Boston 


Bachelor of 

















Bachelor of 
Education Education Education group 
1 2 3&4 

‘crit. ‘obs. ‘crit. ‘obs. ‘crit. ‘obs. tcrit. tobs. 
Junior Elementary 1.99 0.82 1.99 3.69% 2.00 3.74* 1.96 14.23* 
Bachelor of Education 1 2.00 2.07* 2.03 2.55* 1.99 9.50* 
Bachelor of Education 2 2.04 0.95 1.99 13.75* 
Bachelor of Education 3 & 4 2.04 10.81* 


* Significant beyond the .05 level 


52.46, respectively. A further look at Ta- 
ble 4 will show that these scores are well 
below those obtained by the Alberta 
groups. 

At the same time, however, cognizance 
should be taken of at least two factors 
which may have unduly influenced the re- 
sults of this experiment. The first of these 
is the time factor. The Boston University 
groups were tested some five to seven 
years ago. It may be that tests adminis- 
tered in 1959 would have yielded consider- 
ably different scores. The second factor to 
be taken into account is the difference 
which may exist in the high school mathe- 
matics preparation of Canadian and Amer- 
ican students. The vast majority of the 
Alberta students had completed three 
years of high school mathematics culmi- 
nating in a ten-month course in Grade 12 
in which the following illustrative topics 
are included: quadratic functions and 
equations, series of numbers, polynomials 
and algebraic equations, permutations and 
combinations, mathematical induction, 
and the binomial theorem. 

Nevertheless, the findings of this ex- 
ploratory study do indicate some need for 
reappraisal of teacher education at the 
elementary level. For, in general, those 
groups of students with the most experi- 
ence in mathematics, in the form of 
course(s) in mathematics methods or con- 
tent, evidenced a higher level of perform- 
ance on the Phillips and Glennon tests. 
This fact, when coupled with the tendency 


150 


toward greater variability in test perform- 
ance among those groups with the least 
experience in mathematics, seems to sug- 
gest what may be the obvious—that com- 
petence in mathematics varies directly 
with the amount of experience in mathe- 
matics. 

That the obvious can be overlooked, 
however, is indicated by the persistence 
of a large number of elementary teacher- 
education programs in both Canada and 
the United States which devote less time 
to the study of mathematics than to any 
other subject commonly taught in the ele- 
mentary school. And if the quality of 
mathematics instruction and hence the 
level of pupil achievement depend, at least 
in part, upon the mathematical compe- 
tence of the teacher, then those who are 
concerned about the relative mathematical 
attainments of students in the United 
States and elsewhere might find the solu- 
tion to this problem lies in improving prep- 
aration programs in mathematics for pro- 
spective elementary teachers. 


Notes 
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Redirection in the Preparation of Teach- 
ers of Arithmetic,” The Mathematics 
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To the editor: 


Two articles in the January, 1961, issue of THE 
ARITHMETIC TEACHER drew thought-provoking 
responses from readers. We should like to share 
the contents of two of these letters with you at 
this time. 


Not until I read Wayne Peterson’s ‘“‘Case in 
Point” in the January, 1961 issue of THE 
ARITHMETIC TEACHER did I realize that my 
comment in an article titled ““Number, Numeral 
and Operation” in the May, 1960 issue could be 
interpreted as an overstatement. I wish the 
readers to know that I was referring to the fol- 
lowing statement on page 4 of the Appendices 
on the Report of the Commission on Mathe- 
matics. 

“Some writers lay considerable stress on the 
distinction between a number and a name for a 
number, which they call numeral. This distinc- 
tion should be appreciated by teachers of high 
school mathematics. However, too much in- 
sistence on the distinction in writing or in speak- 
ing may lead to pedantic circumlocutions. In 
the interest of facile communication, we fre- 
quently allow ourselves an elliptical liberty and 
use the word ‘‘number’” to refer either to a 
number or to a name for it.” 

I believe that my interpretation of the state- 
ment by the SMSG to be accurate. I was refer- 
ring to paragraph 2 on page 17 of Mathematics 
for Junior High Schools, Commentary for 
Teachers, Volume I (Part I) of the School 
Mathematics Study Group which reads as fol- 
lows: 

‘‘A numeral is a written symbol. A number is 
a concept. Later in the text it may be cumber- 
some to the point of annoyance to speak of 
‘adding the numbers represented by the numer- 
als written below.’ In such case the expression 
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may be elided (sic) to ‘adding the numbers be- 
low’.” 

JOHN R. CLARK 

Consultant in Mathematics Education 


New Hope, Pennsylvania 


An article, such as ‘‘Percentage—noun or ad- 
jective?’ by Professor Rappaport has been long 
overdue. Too many persons, mathematicians 
included, have been ignorant of the correct us- 
age of the terms “‘per cent’”’ and “percentage.” 
Congratulations for publishing this article— 
one which may seem rather trivial to some but 
not to this reader. Congratulations also to Pro- 
fessor Rappaport for taking the time to inform 
others on this matter. Let us hope that most 
readers will consider his pleas carefully and at- 
tempt to speak and write correctly with regard 
to these terms if they do not do so now. 

The day I received my January issue of THE 
ARITHMETIC TEACHER I noted the misuse of 
the term ‘percentage’ in four places on the 
front pages of three local papers. One of these 
was the college weekly. It is not at all infrequent 
that one reads dissertations in which “‘percent- 
age”’ is used as a term when “‘per cent” is what 
is meant. A recent published report of a New 
York state commission studying higher educa- 
tion and the State University repeatedly used 
““nercentage”’ to head columns of ‘‘per cents” 
in the tables of the report. 

It is too bad that all the major news media 
in the country could not be made aware of this 
excellent article with the hopes that they would 
be more careful in the use of these two terms. 

Keep up the excellent work in publishing this 
magazine. Each month it provides material for 
very stimulating discussions in classes I instruct 
on the subject of arithmetic. 

RupoupH J. CHERKAUER, 

Prof. of Mathematics 

State University College of Education 
Buffalo 22, New York 
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Those problem-solving perplexities 


CLEATA B. THORPE Huron College, Huron, South Dakota 
As professor of education at Huron Colleve, Miss Thorpe not only teaches 
courses in education, including a course in the teaching of arithmetic, 


but she also supervises student teaching in the elementary schools. 


W. teachers are in large measure re- 
sponsible for problem-solving being the 
obstacle that it is to many a pupil in ele- 
mentary schools. In the first place, we toss 
the terms “problem” and ‘‘problem-solv- 
ing’ about quite indiscriminately. We 
seem to have no clear and definite con- 
cepts for those terms in our own minds. 


Teachers’ concepts are vague 


In a situation typical of many class- 
rooms, a teacher, Miss A, says, ‘‘Work the 
ten problems on page 21 in your book and 
then do those I have put on the chalk- 
board.”” The ten “problems” in the book 
are of the nature of 31X24=——, 
60 X49 = , and so on, and those on the 
chalkboard are of the same type. 

In another classroom, a teacher, Miss B, 
says, ‘““Now work the rest of the problems 
on page 36.” These are a set of a type such 
as (a) ‘‘The cookies we want for our party 
come 12 in a package; how many will we 
get in 3 packages?” and (b) “If each club 
member puts in 15 cents, how much 
money will we have from our 12 mem- 
bers?” All of them require the same type 
of multiplication equation. 

In still another classroom, the teacher, 
Miss C, sets her class to work saying, 
“‘Let’s see how many of you can get correct 
solutions to the four problems at the top 
of page 42 in the time we have left.’’ The 
first of these problems is ‘“‘Ron’s father has 
asked him to help solve a real family 
problem. His father wants to build a 12’ 
by 12’ outdoor playpen for one-and-a- 
half-year-old Perry. His first problem is 
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how many posts will be required if he sets 
them 6 feet apart?” 

Though all these teachers have referred 
to “problems,” the question before us is 
which, if any, of the three assignment 
samples are problems? Until we recognize 
that the computation required, a pupil’s 
past experience, and present environmental 
circumstances, as well as the mathemat- 
ical statement at hand, are all involved in 
determining to what extent a quantitative 
question is a problem, we have no ade- 
quate answer to that question. 

There are those who hold to a some- 
what categorized classification who would 
say that Miss A’s type of problem is 
merely a computational exercise, a nu- 
merical exercise, with no problem situa- 
tion involved. These persons would define 
a problem as a verbal statement involving 
numbers, in which a question is raised and 
the arithmetical operation required for 
obtaining an answer to it is not indicated. 
In that case, Miss B’s type would qualify 
as problems as would also Miss C’s. 

There are others who put all arithmetic 
work into two classifications—computa- 
tional exercises (often called examples) 
and verbal problems. For them, Miss A’s 
type is an exercise or an example while 
Miss B’s and Miss C’s types are verbal 
problems. 

Then there are still others, whose con- 
cepts are less vague, who do recognize the 
part that pupils’ past experience and pres- 
ent environmental circumstances play in 
identifying a true problem-solving situa- 
tion. Miss C probably is in this group. 
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The illustrations above give ample evi- 
dence that our arithmetic vocabulary re- 
lative to the terms “problem” and “prob- 
lem-solving” have such vague and in- 
definite interpretations as to make real 
understanding difficult. The result is that 
countless elementary-school pupils, and 
many college students as well, say, in ef- 
fect, “I can do the computations, but my 
trouble is the problems.”’ If teachers at 
every grade level will clarify their own 
concepts and use a more precise and ac- 
curate vocabulary, the perplexities that 
accompany problem-solving in arithmetic 
can be considerably reduced. 


Proposals for clarifying concepts 


Only when their own concepts in the 
problem-solving areas of arithmetic have 
become definite and specific have teachers 
acquired the insights needed to direct 
pupil learning with the desired results. 
Basic to clarifying these concepts is the 
acceptance of some general understand- 
ings. Let us, then, establish as appropriate 
frames of reference the following pro- 
posals. 


1. A true problem is taken to be a situa- 
tion facing an individual or a group 
who want to find a solution and have 
no ready-made method for arriving at 
one. A problem in arithmetic, then, 
may be said to be a situation described 
in words involving a quantitative ques- 
tion to which an answer is sought and 
for which the computational process is 
not indicated. However, as stated in 
the previous section, the types of com- 
putation required and the pupils’ past 
experience and present environmental 
circumstances also help determine 
whether a quantitative question in- 
dicates a problem situation. 

Structuring arithmetic concepts is an 
essential element of problem-solving, 
fundamental to both meaning and un- 
derstanding. The structuring process 
should begin on a physical level. A 
child sees 2 blocks and 3 blocks put to- 
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gether into a group of 5 blocks. Next 
he learns the use of word and number 
symbols to tell what took place—2 
blocks and 3 blocks are 5 blocks. As a 
next step he dispenses with the physical 
objects and in imagination aided by 
memory, he combines small groups and 
writes the arithmetic sentence—2+3 
= 5. Now he has experienced the physi- 
cal aspects of structuring and their 
representation by symbols, knowing 
when he began, however, that the ac- 
tivity was a combining of groups. In 
other words, the structure had been 
provided for him and he was merely 
representing it by use of objects and by 
symbols. So far he has not really 
solved problems. 

A true problem situation may be said 
to be an unstructured situation. The 
first step in problem-solving is to struc- 
ture the situation presented. To do this, 
a pupil imagines the action taking 
place or uses a diagram by which to 
visualize the situation. He then decides 
upon an equation which will give the in- 
dicated relationship to the numerical 
information provided. His first equa- 
tion may be a so-called ‘expanded 
equation” (actually a generalization) 
composed of words only; for example, 
three times distance traveled in one 
hour equals distance traveled in three 
hours. He then substitutes the avail- 
able numerals; for example, 3X 

= 165. Now that he has structured the 
problem arithmetically, he has prac- 
tically solved it, for he has previously 
learned to solve multiplication equa- 
tions almost automatically and with 
computational accuracy. Insight assists 
him in structuring, but it also results 
from structuring experience in problem 
situations. 

Assisting pupils to make a transition 
from physically structured (experien- 
tial) to abstractly structured (mathe- 
matical) concepts is a fundamental 
teaching problem. Only when pupils 
become proficient in that transitional 
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ability will they become competent in 
problem-solving. 


Procedures for implementing 
the proposals 


Referring again to Miss A’s type of 
problem; e.g., 31X24=?, there may be 
pupils in her class who do not know how 
to obtain the answer called for in the 
question indicated by the arithmetic sym- 
bols. Let us be consistent, then, and not 
call that a true problem situation when it 
is simply an inability to handle the me- 
chanical operations indicated by the equa- 
tion. The structuring has already been 
done, and there is no problem situation to 
be analyzed. This type of material we shall 
classify as computational exercises. 

Next we may look at an illustration of 
Miss B’s type. If pupils are being intro- 
duced to the concept of multiplication as a 
combining of a number of groups of equal 
size, having had a good deal of concrete 
structuring as a first step, and are now put- 
ting some of these experiential structures 
into arithmetical statements (equations), 
they are solving problems. In the case of 
illustration (a), ““The cookies we want for 
our party come 12 in a package; how 
many will we get in 3 packages?” a pupil’s 
problem is to structure this statement and 
its accompanying question into an ap- 
propriate arithmetical equation ready for 
solution. If he has been well taught up to 
this point, and now comprehends the 
generalization that the number of groups 
times the number in each group gives 
the total number, he will recognize that 
he has two of the three elements needed 
for structuring a simple multiplication 
equation. Here is where insight plays an 
important part. Can this pupil translate 
his perceptual concept (imaginary) into 
an abstract symbolic concept (an equa- 
tion)? If he can, insight has guided him, 
and he has solved a problem. Solution of 
the already familiar multiplication equa- 
tion is practically automatic, once the 
equation has been formulated. 

However, after a pupil has acquired the 
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concept and the necessary insight which 
enables him to recognize the situation and 
set down the equation readily, he may do 
many more such computations in finding 
the answers to other verbal question situa- 
tions of the same type. These will be 
“keeping-in-practice”’ types of lessons, but 
they are not problem-solving experiences 
after the structuring has become almost 
automatic. Therefore, the pupils’ past 
experience and the present environmental 
situation determine whether Miss B’s il- 
lustrations (a) and (b) are problems or 
whether they are merely ‘“keeping-in- 
practice” exercises. As a matter of fact, 
however, to some pupils in Miss B’s class 
(a) and (b) may still constitute problem- 
solving situations, while to others they 
are no longer problems but are used as 
exercises for keeping in practice. In such 
a case, it is Miss B’s responsibility to rec- 
ognize which pupils must still be assisted 
in problem-solving learning and which 
have reached the keeping-in-practice pur- 
pose for that particular type of lesson 
material. 

In the case of Miss C’s classroom, her 
instructions to the class indicate that here 
are some problems, and that both she and 
her pupils are familiar with problem- 
solving procedures. We may assume that 
her pupils comprehend what is involved 
in a problem situation—that here is a 
quantitative statement with a question 
asked and the numerical operations not 
indicated. They recognize that their first 
step is to read the statement of informa- 
tion and the question carefully and to es- 
tablish some relationship between the 
numerical information set forth and the 
numerical answer they are expected to 
find. For their second step, they must 
mentally structure (visualize) the physical 
situation involved—whether it is a com- 
bining of groups, a separation of some 
total amount into its parts, or some other 
type of procedure. They must also de- 
termine whether more than one step is 
involved or whether one equation is suf- 
ficient for solution. They may employ 
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some visual semiconcrete aids in the form 
of diagrams. When they have accom- 
plished the physical structuring, either 
diagramatically or in imagination, they 
are ready to translate the acquired con- 
cept into the abstract, symbolic arith- 
metical equation or series of equations 
which indicate the needed operations. 
After performing those operations and 
obtaining a tentative answer, their ac- 
customed next step is to go over the prob- 
lem statement again to verify the rea- 
sonableness of the attained answer and 
perhaps to supply proof that it is correct. 
In solving the illustrative problem in 
Miss C’s classroom, then, the pupils’ first 
step will be a careful reading; their second, 
a ready recognition of how a diagram will 
help; and their third, a solution arrived at 
simply by counting the posts indicated on 
the diagram. If Miss C’s pupils can pro- 
ceed with their assignments in this man- 
ner, they will have resolved many of the 
perplexities of problem-solving. 


Better results can be attained 

There is no lack of evidence, stemming 
from research as well as from opinion, 
that problem-solving has been a weak 
spot in arithmetic-learning in this country. 
Much time and energy have gone into 
studies of the reasons for this prevalent 
weakness among elementary-school pu- 
pils as well as among high school and col- 
lege students and even adults, without 
making any marked progress toward im- 
provement of the situation. 

In the opinion of the writer, the im- 
mediate future holds more promise for 
dissipating this problem-solving weakness 
than past provided. If 
teachers will, as pointed out in earlier 
paragraphs, clarify their own concepts 
with some precision of vocabulary and 
procedure to identify some lesson material 
as computational exercises, some as keep- 
ing-in-practice material, and some as true 
problem-solving material, much will be 
accomplished. Once such concepts are 
clear in a teacher’s mind, she will be able 
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to help pupils acquire those concepts and 
recognize that arithmetic lessons differ 
in purpose and, therefore, differ in attack 
procedures. Pupils so taught will recog- 
nize such lesson material as Miss C’s il- 
lustration as the type of situation in which 
time will be saved by making a careful 
survey of the problem situation to see 
what operations are indicated, rather 
than proceeding at once to manipulate 
figures in an attempt at solution. 

If teachers, in addition to clarifying 
their own and their pupils’ concepts of 
true problem situations, will apply some 
of the newer procedural techniques to 
arithmetic, more progress will be made. 

Experimental teaching procedures have 
decidedly strengthened the theory that 
understanding lends permanence to ac- 
quired skills and to the acquisition of 
learning in general. The drill method of 
the past was too often devoid of under- 
standing. There is ample research evi- 
dence to show that manipulative experi- 
ences, along with exploratory reasoning, 
the discovery of number relationships, and 
the evolving of generalizations aid under- 
standing and help insure permanent 
learning. These experiences are involved 
in what we have termed structuring, and 
together characterize what is currently 
referred to as reflective teaching. The use of 
reflective teaching in problem-solving 
lessons in arithmetic is most effective 
when certain conditions prevail. 


1. The atmosphere of the classroom must 
be conducive to pupils feeling accepted 
and at ease. 

2. The attitude of the class must be co- 
operative and receptive to the ideas 
and opinions of others. 

3. Suitable problem material must be 
provided. 

4. There must be time for unhurried 
thought and relaxed activity. 

5. Teachers and pupils remember that 
concepts do not come as single flashes 
of insight; they unfold slowly, step by 
step, even with guidance. 
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6. There is recognition of the fact that 
there is usually more than one correct 
and acceptable solution to every prob- 
lem, though some may be too “round- 
about” for practicality. 

7. Any correct solution is commended. 


The values of such learning processes in 
the teaching of problem-solving in arith- 
metic have come to be more widely rec- 
ognized than in the past, and there is every 
indication that they will play an increas- 
ingly important part in elementary arith- 
metic-learning in the immediate future. 
By way of summary, we may conclude 
that there are some very promising possi- 
bilities for vanquishing the problem-solv- 
ing perplexities—if teachers will do their 
part. 


Notes 


For further discussion of structuring 
arithmetic, see Chapter 3, ‘Structuring 
Arithmetic,”’ by Henry Van Engen and E. 
Glenadine Gibb, in Instruction in Arith- 





metic, Twenty-fifth Yearbook of The Na- 
tional Council of Teachers of Mathematics 
(Washington, D.C.: The National Coun- 
cil, 1960). 

For further discussion of learning to 
structure equations, see Cleata B. Thorpe, 
“The Equation: Neglected Ally of Arith- 
metic Processes,” Elementary School J our- 
nal, March, 1960, pp. 320-324. 

For further discussion of structuring 
multistep problems, see Maurice L. Har- 
tung, Henry Van Engen, Lois Knowles, 
and E. Glenadine Gibb, Charting the 
Course for Arithmetic (Chicago: Scott, 
Foresman and Company, 1960), pp. 118 
119. 

For further discussion of learning to dis- 
cover and generalize, see Chapter 4, 
“Guiding the Learner to Discover and 
Generalize,” by John R. Clark, in Instruc- 
tion in Arithmetic, Twenty-fifth Yearbook 
of The National Council of Teachers of 
Mathematics (Washington, D.C.: The 
National Council, 1960). 





Announcing 
a new publication 
for the puzzle buff 


Anyone who likes puzzles will want to 
examine the new Recreational Mathematics 
Magazine, published and edited by Joseph 
S. Madacliy, Box 1876, Idaho Falls, Idaho. 

The first issue, dated February 1961, 
contains maierial ranging all the way from 
famous bridge hands and chess problems 
to word games and magic squares. 

A partial list of the contents shows that 
other topics include Boolean algebra, 
strategy problems, conics by paper fold- 


156 


ing, progressions, alpha metrics, primes 
and factors, color problems, and Mobius 
strips. 

The inclusion of a section called ‘‘Read- 
ers Research Department,” in which read- 
ers can pose and discuss unsolved prob- 
lems, promises to be a forum for good 
amateurs. 

The first issue contains some typograph- 
ical errors that have been corrected after 
printing. 

Most of the material is not for a child— 
unless he is a prodigy—but is not really 
beyond the grasp of the able adolescent 
and the interested adult. 


The Arithmetic Teacher 





An approach to problem-solving 


CHARLES J. 
Lake Charles, Louisiana 


THOMAS R. 


Baton Rouge, Louisiana 


FAULK McNeese State College, 


LANDRY Louisiana State University, 


Dr. Faulk is assistant professor of education, teaching courses 


in elementary education at McNeese State College. 


Dr. Landry is associate professor of education at Louisiana State University. 


Mitticnstin is universally accepted as one 
of the fundamentals which must be taught 
to American school children. Yet certain 
aspects of the teaching of arithmetic have 
given teachers a great deal of concern. 
Petty found that, “Complaints concern- 
ing the child’s lack of ability to solve 
problems dealing with quantitative situa- 
tions come from many quarters.’’! Clark 
and Eads indicated that the difficulty 
children have with problem-solving lies 
in their lack of ability to see the various 
relationships involved in the problem 
situation.2 In What Does Research Say 
About Arithmetic? Glennon and Hunnicutt 
suggest that inability to estimate reason- 
able answers is a difficulty.’ 


Research findings on problem-solving 


Many of the summaries of research rela- 
tive to problem-solving in arithmetic in- 
dicate a need for studies dealing with the 
role of reading ability. In The Encyclo- 
pedia of Educational Research, Wilson 
states, ‘‘The question of the nature of the 
reading instructions that should be given 
has received only limited attention, and 
further research is needed before any 
conclusions can be stated.’’* Corle says, 
‘‘Understanding the terms used in arith- 
metic is a definite factor in problem-solv- 
ing efficiency. Teachers must insure famil- 
iarity with the vocabulary of verbal 
problems if effective problem solving is to 
result.’’5 

In a discussion of the nature of problem- 
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solving in arithmetic, Johnson pointed 
out that vocabulary is one of the main 
factors in a student’s ability to solve 
problems.® As an example, a student can 
hardly be expected to solve a problem 
dealing with the volume of a rectangular 
solid unless he knows the meanings of 
volume and rectangular solid, and unless 
he knows a process for solving the prob- 
lem. 

Despite the fact that many types of 
studies dealing with problem-solving have 
been conducted, there is still need for 
studies in this area. For example, studies 
are needed which relate to the way chil- 
dren learn arithmetic concepts, the 
thought processes involved in solving 
problems, and the manner in which chil- 
dren make choices regarding the processes 
used. Stevenson has stated that more de- 
tailed research should be undertaken to 
show how much time and effort should be 
expended in giving pupils a method of 
attacking problems, in training them to 
estimate answers, and in assisting them to 
understand technical words and other 
phases of instruction.’ Spitzer and Flour- 
noy state that students of arithmetic 
teaching need to make studies to deter- 
mine whether proposed problem-solving 
improvement procedures found in chil- 
dren’s textbooks actually contribute to a 
student’s ability.® 

Monroe and Engelhart report a study 
by Stevenson in 1924 which stressed cer- 
tain aspects of problem-solving similar to 
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those of this study. For a period of twelve 
weeks, Stevenson used 1,027 fifth-, sixth-, 
and seventh-grade pupils who were taught 
to read and analyze problems and to esti- 
mate answers in round numbers. Part of 
the twelve weeks was used to have pupils 
state the problems in their own words, to 
solve problems without the use of num- 
bers, to work a variety of problems deal- 
ing with real-life situations, and to es- 
timate answers in round numbers.® About 
Stevenson’s study Monroe and Engelhart 
say, ““The gains in achievement are cer- 
tainly significant....It is unfortunate 
that control groups were not used.’’!° 


A new study is undertaken 


The problem 

The problem in this study was to de- 
termine the effect of a particular method 
on achievement in problem-solving in 
sixth-grade arithmetic. This method, con- 
sisting of a systematic approach to the 
solution of arithmetic problems, was used 
consistently with the experimental group. 
Vocabulary study was emphasized at the 
beginning of each class period when prob- 
lems were to be solved. Word meanings, 
syllabication of words, synonyms, and 
crossword puzzles were variations of the 
vocabulary exercises. Following vocabu- 
lary study, emphasis was placed on talk- 
ing or thinking through the total situation 
which the problem presented. A third 
phase of the method was emphasis on 
drawing a simple diagram to indicate that 
the student understood the problem. 
This phase was also stressed to help the 
student decide what arithmetic process 
should be used to solve the problem. Es- 
timating a reasonable answer was the 
fourth phase of the method. Rounding off 
simple numbers, taught early in the year, 
was intended to prepare the student for 
estimating answers to more difficult prob- 
lems later. The final phase of the method 
required each student to use paper and 
pencil to find the exact answer to the prob- 
lems. 

Teachers in the control group were in- 


158 





structed to adhere closely to the directions 
found in the Teacher’s Guide of the Mak- 
ing Sure of Arithmetic series, 1952 edition. 
These teachers were also allowed to use 
specific techniques which had proved suc- 
cessful for them. Because these varied 
from teacher to teacher, a log was kept so 
that these variations could be compared 
with the instructions of the Teacher’s 
Guide and with the procedure used by the 
experimental group. Table 1 shows a tabu- 
lation of these techniques. Those tech- 
niques which occurred most often were 
labeling correctly, checking answers, mak- 
ing original problems, selecting key words, 
and working at the chalkboard. Tech- 
niques suggested by Morton appear in 
Table 2. 


Control of various factors 

To insure that the procedure used 
would be the only variable in the study, 
certain precautions were taken. Controls 
were placed on factors such as (1) the 
length of time for each exercise; (2) home- 
work assigned; (3) instructions regarding 
the teaching of concepts which occurred 
in the textbook between pages of prob- 
lems; (4) attention given to the slow 
learners; and (5) participation by all 
children in each problem exercise. 


Teacher and pupil pairing 

Twenty-two teachers, eleven serving as 
the control group and eleven serving as the 
experimental group, were used. As closely 
as possible, teachers were paired according 
to the types of degrees held, years of ex- 
perience teaching sixth-grade arithmetic, 
and total years of teaching experience. 
Eleven parishes were used with an experi- 
mental class and control class in each 
parish. 

To select subjects for the study, 696 
students were screened. Of this number, 
168 students were eventually paired ac- 
cording to sex, age, intelligence quotient, 
and arithmetic reasoning achievement. 
However, due to the fact that ten of the 
paired students did not take the second 
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Table 1 


Summary and frequency of techniques 
used by several teachers of control group 
for solving problems found in 21 pages 
of Morton’s ‘Making Sure of Arithmetic,” 
sixth-grade text 


Techniques Frequency 





Correct labeling 21 
Checking answers 13 
Selecting correct process to use 7 
Making original problems 6 
Selecting key words for process to 

use 5 
Reading problems carefully 5 
Asking the question another way 3 
Practicing neatness 2 
Working at the chalkboard 3 
Looking for hidden questions 2 
Following directions l 
Analyzing ‘“‘What does the question 

ask?”’ 1 
Showing relationships of addition 

to multiplication 1 
Doing individual work 1 


achievement test, only 74 pairs were used 
in presenting the results of this study. 


Supervision of the study 

Supervision of the study was done by 
local supervisors of instruction and by 
the state supervisor of elementary educa- 


Table 2 


Summary and frequency of techniques 
suggested by Morton for teaching 21 
pages of problems from sixth-grade text 





Tech niques Frequency 





Reading problems carefully 11 
Selecting correct process to use 6 
Making practical application of 
problems 3 
Estimating the answer 3 
Reading problems orally 2 
Finding out what the question asks 2 
Seeing the whole idea of the problem 2 


Analyzing relationships between 
quantities 2 


t 


Looking for a hidden question 2 
Using one answer to solve another 
problem 2 
Rereading problems carefully l 
Checking the answer 1 
Making practical application of 
fractions 1 


April 1961 


tion. Local supervisors in the eleven 
parishes gave needed assistance to teachers 
and made informal reports of progress to 
the state elementary supervisor. For the 
state elementary supervisor, supervision 
was limited to an orientation session with 
the supervisors and a similar session with 
the teachers before the initiation of the 
study. A visit of one hour was also made 
to all the classes participating in the 
study. 


Presentation of findings 

Results of the study were based on the 
California Arithmetic Reasoning Achieve- 
ment Tests which were administered in 
September, 1959, and January, 1960. 
Scores made by the 74 pairs of students 
on the second achievement test were used 
to determine gains or losses in achieve- 
ment made during the four-month inter- 
val. The students in the upper third of the 
control group had a mean gain of .5 years, 
while the experimental group had a mean 
gain of .7 of a year. For the middle third, 
the mean gain of the control group was .6 
of a year compared to a mean gain of .9 
years for the experimental group. In the 
lower third, the mean gain of the control 


Table 3 


Comparison of mean gains of upper, 
middle, and lower thirds, as well as total 
group of experimental and control groups 
based on California Arithmetic Reasoning 
Test given September 1959 and January 


Mean 





Mean gain of Differ- Criti- Level of 
Group gain of ex peri- ence of cal __ signifi- 
control 1 mean ti 
oreun pocein oite ratio cance 
¢ ' 
Upper 
third .5 7 2 9 N.S.* 
Middle 
third 6 9 .3 1.66 N.S. 
Lower 
third ie 8 =a .43 NS. 
Total 
group 6 8 2 1.83 .10 


* Not significant at the .10 level 
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group was .7 of a year, while the experi- 
mental group showed a mean gain of .8 of 
a year. When all 74 pairs of students were 
grouped together, the mean gain of the 
control group was .6 of a year and for the 
experimental group it was .8 of a year. 

Tests of significance as shown in Table 
3 were applied to the results of the three 
groups of pairs and to the 74 pairs used in 
the entire study to determine whether the 
differences in gain in favor of the experi- 
mental group were statistically reliable. 
The results were not significant at the .10 
level when the tests were applied to each 
small group separately. When applied to 
all 74 pairs the results were significant at 
the .10 level. 


Conclusions 


The conclusions which follow seem justi- 
fied on the basis of the data gathered dur- 
ing this study. 


1. The method used with the experimen- 
tal group was effective. The total ex- 
perimental group and each of the sub- 
groups made gains of .7 or more years 
in the four months of the study. 

The method used with the control 

group was also effective. The total con- 

trol group and each of the three sub- 
groups made gains of .5 or more years 
in the four months of the study. 

3. The method used with the experimental 
group seemed slightly superior to that 
used with the control group. For the 
total sample, the differences in mean 
gains favoring the experimental group 
were significant at the .10 level. For the 
three subgroups, the differences in 
mean gain slightly favored the experi- 
mental group in each case. However, 
the differences in mean gains were not 
statistically significant. 

4. Further experimentation with a larger 
sample and a longer period of time is 
needed to determine whether the ex- 
perimental procedures used in this 
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study are consistently superior to pro- 
cedures used with the control group. 

. Further experimentation is needed in 
the area of learning problem-solving. 


cr 
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Children are naturals 
at solving word problems 


They love to solve puzzles. They love to explore. 


ESTHER R. UNKEL 
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Uhtaicd tevenetentiitniabiani ail 
They have the ability to shut out all other 
things in concentrating on the solving of a 
puzzle. They joyously answer a challenge. 
All this makes them naturals in solving 
word problems. 

Why is it, then, that many children are 
fearful of word problems? Certainly we 
are all familiar with reasons given. What- 
ever the cause, let’s face the problem 
squarely and see how we can help children 
with word problems. 

Let’s morning by 
grouping the pupils with no more than 
twelve or thirteen pupils in a group, the 
selection based on nothing more than the 


begin tomorrow 


degrees of freedom from fear in solving 
word problems. We can explain to the 
children that we are going to work in 
groups, that each group will have its turn, 
and that with fewer of us in a group we 
will have more opportunity to participate. 

Be sure the problems are based on a 
common experience taken from the lives 
of one or more of the pupils. Perhaps they 
went to the grocery store for their parents 
the previous day. 


Write the statement on the chalkboard 


Mike bought two loaves of bread at 27 ¢a 

loaf and a gallon of milk at 45¢ a half- 

gallon. He bought two pounds of oranges 

for 36¢ a pound. 

The children will read the statement 
silently. Notice that no question is asked. 
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Thus attention is directed to a given 
situation with the children deciding what 
is to be found. 


Dramatize the problem 


Ask for volunteers to play the part of 
the boy and the grocery clerk. Any. ob- 
jects, such as erasers, pencils, or pieces of 
chalk, can be used to represent the grocery 
items. If children are hesitant to drama- 
tize the work, you may ask, “I’ll be Mike. 
Who will go with me? Good! Shall we pre- 
tend that Mary is the grocery clerk?” 


Draw a simple picture 

of the statement 

Ask for volunteers, each of whom will 
make a simple drawing of all the items to 
be purchased. It might be wise to set the 
pace by quickly drawing a circle to show 
the bag of oranges, thus helping the child 
to realize that the drawing need not be 
elaborate. With at least two children, each 
making a simple drawing at the chalk- 
board, fear on the part of one child is 
alleviated and at the same time more 
children participate. The purpose of both 
the dramatization and the drawing of a 
simple picture is to unfold a real under- 
standing of the situation. 


Estimate the answer 


While the children at the chalkboard are 
illustrating the problem, direct the atten- 
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tion of the other children in the group to 
estimating the answer. They will need 
help at first: “How much did we pay for 
one loaf of bread? Isn’t 27¢ close to 30¢? 
How much are two 30’s? Can you remem- 
ber 60¢?” 

“Now we want to buy milk. How much 
milk do we want? How many one-half 
gallons must we buy? How much will the 
milk cost?” 

“About how much do the bread and 
milk cost? Can you remember it?” 

“‘Let’s estimate the cost of the oranges. 
Is 36¢ closer to 30 or 40? About how much 
are two 40’s?” 

‘About how much were we spending for 
bread? (60¢) What did we estimate for the 
milk? ($1.00) How much do these two 
items total? ($1.60) What did our oranges 
cost? (80¢) About how much will we spend 
in all?” ($2.50) Write the estimation on 
the chalkboard. 


Examine the drawings on the board 


It is wise to say from the very first day, 
“Henry and Mary were very nice to do the 
drawings for us, and it is our job to help in 
any way we can. We all work together.” 
Children rarely write the price of the ar- 
ticle by their drawing. If no child suggests 
it, you might be able to lead them to this 
later by a remark, such as ‘“‘How much 
are we paying for this?” (Point to one of 
the items in the picture.) 

Only now do the children really under- 
stand the problem. They have made the 
problem their own by dramatizing it. They 
drew pictures to illustrate it so they would 
know what they were buying. They have 
estimated the answer and now have a 
guide by which they can judge whether or 
not the answer is reasonable. 


Determine what is to be found 


“What would you need to know if you 
were Mike?” 
Write the question beneath the state- 


ment just as the volunteer dictates it. 


Mike bought two loaves of bread at 27¢ 
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a loaf and a gallon of milk at 45¢ a half- 
gallon. He bought two pounds of oranges 
for 36¢ a pound. How much will it all 
cost us? 


This problem has now become their 
problem. 


Find as many ways as possible 

to solve the problem 

In choosing a volunteer to solve the 
problem, ask him what method he will use. 
If he says he is going to add to find the 
cost of the two loaves of bread (27¢+27¢), 
the two pounds of oranges (36¢+36¢), and 
the milk (45¢+45¢), encourage him, and 
then say to the other children, ‘“‘While 
John is solving the problem by adding, can 
anyone think of another way to solve the 
problem?” Another volunteer may suggest 
multiplying, and he will use multiplication 
at the chalkboard in finding the cost of the 
loaves of bread, the two pounds of oranges, 
and the milk (27¢X2; 36¢x2; 45¢x2). 

The children at their desks will watch the 
work being done at the chalkboard. If they 
see the need for a correction, they may 
step forward quietly and help their class- 
mate. 

Each volunteer, upon completion of the 
work being done at the chalkboard, will 
explain his work, calling upon the children 
who wish to comment. 

Helpfulness and a courteous attitude 
are taught just as anything else is taught. 
Such remarks as, ‘““Can we help Sharon? 
She did the work for all of us so let’s help 
her if we can. Thank you for helping us, 
Sharon,” are factors in establishing an at- 
mosphere free from fear and blame and 
are conducive to exploration and the use of 
initiative. 


Check the answer with the estimate 


Thus, the children see that estimating 
the answer provides the security of know- 
ing whether or not their answer is reason- 
able. Of paramount importance is the fact 
that estimation assures the pupils of see- 
ing the problems as a whole. It is one of 
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the most valuable things we can do in 
arithmetic. 

Continue exploration by asking the 
children again if they can think of addi- 
tional ways to find the answer. Be sure to 
give them time to think. 

“We added and we multiplied. Can you 
find another way?” 

Never rule out a method even if you know 
it is wrong. Let the children try it. They 
just might have thought of something that 
may not have occurred to you! Join the 
children in their effort to try the method. 
If it fails, compliment them for having 
tried. 

If you feel that this group is ready, and 
time permits, you may wish to ask, ‘‘What 
else might we want to know in this prob- 
lem?” thus taking them into two- and 
three-step problems. 

This group will then go to their desks to 
complete their daily assignment while you 
take on a second group of children, using 
another problem taken from their experi- 
ence. 


Pupil projects 

After you work with groups of your 
pupils two or three times a week for ap- 
proximately a month, they may be ready 
to continue on their own projects. Perhaps 
they are interested in shopping for a com- 
ing holiday. Other suggested projects 
around which they can write problems 
very real to them are: 


Grade 3 Grade 4 


pets Brownies 
parties Cub Scouts 
dolls 


outdoor games 


Camp Fire Girls 
4-H Club 

pets 

sports 

bird clubs 

rock clubs 
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Grade 5 


Boy Scouts 
Girl Scouts 


Grade 6 


clubs 
construction work 


Camp Fire Girls (building) 

4-H Club sports 

lumbering buying and selling 

construction gardening 
(building) hobbies 


ball clubs 
secret clubs 


movie stars 


gardening 


The Stokes series, Arithmetic In My 
World,* gives basic work centered around 
units of particular interest to children. 
Social studies provides excellent sources 
for word problems. 

Problems may be typed or written by 
the children on 5X8 cards in class or/and 
in individual scrapbooks. The scrapbooks 
can be made by using wrapping paper. A 
sewing machine can be used to sew along 
one edge to form a binding. Advertise- 
ments cut from newspapers, Magazines, or 
shopping guides may be pasted into the 
scrapbooks or onto the cards. Sketches 
drawn by the pupils could also be used. 
The cards could be filed under given 
topics in a box. The problems on the cards 
or in the scrapbooks may be used for class- 
work, for individual work, or by commit- 
tees working on these projects. 

Grouping must be kept flexible after the 
first half-dozen class periods. By then the 
children will have lost much of the fear 
they may have had, will be relaxed, and 
will be eager to try different solutions. A 
unit on geometric shapes, cost of material, 
etc., may evolve from a sixth-grade project 
of actually building a small playhouse for 
younger children of the neighborhood. The 
natural basis for grouping will now become 
units of interest to the children and will be 
based on real participation. 


*C. Newton Stokes, Arithmetic In My World (Boston: 
Allyn and Bacon, Inc., 1958), grades 1-9. 
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Familiarity with measurement 


A study of beginning first-grade children’s concepts 


GEORGE MASCHO 


Ball State Teachers College, Muncie, Indiana 


Dr. Mascho is assistant professor of elementary education 


in the Burris Laboratory School. 


Many educators feel that measurement 
is an important part of the elementary 
child’s mathematical experiences because 
a great many in-school and out-of-school 
activities involve measurement ideas. 
Even though number ideas are independ- 
ent from measurement ideas, the use of 
measures can give concrete meaning to 
many number abstractions. If measure- 
ment is to be included in the curriculum of 
the elementary school, it is necessary to 
know what facts the beginning first-grade 
child knows about measurement so that 
instruction can begin in appropriate 
places. 


Purpose of the study 


The purpose of this investigation was to 
ascertain beginning first-grade children’s 
familiarity with measurement and to de- 
termine whether certain selected variables 
have any effect on this familiarity. The 
major tasks of the study were: 


1. To discover to what extent children are 
familiar with measurement when they 
begin first grade. 

2. To use the analysis of variance and the 
t test between the means to test sub- 
hypotheses of the following null hy- 
potheses statistically: 

a. There is no significant difference in 
familiarity with measurement of be- 
ginning first-grade children within 
and among the chronologically 
younger, middle, and older groups. 

b. There is no significant difference in 
familiarity with measurement of be- 
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ginning first-grade children within 
and among the lower, middle, and 
upper socioeconomic groups. 

ce. There is no significant difference in 
familiarity with measurement of be- 
ginning first-grade children within 
and between the boy and the girl 
groups. 

d. There is no significant difference in 
familiarity with measurement of be- 
ginning first-grade children within 
and between the groups of children 
who have attended kindergarten and 
those who have not attended kinder- 
garten. 

e. There is no significant difference in 
familiarity with measurement of be- 
ginning first-grade children within 
and among the groups of children of 
low, average, and high mental abil- 
ity as measured by a readiness test. 


Procedure 


The scope of the study was limited to 
150 beginning first-grade children who 
were attending the public schools of Mun- 
cie and Kokomo, Indiana. Three schools 
were used in each city. All of the children 
in the chosen schools were used in the 
study except those who were repeating the 
first grade or had repeated kindergarten, 
two children who were absent during the 
interview time and follow-up time, and 
one child with whom rapport could not be 
established. 

The technique used for gathering the 
data for this investigation was the per- 
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Each child inter- 
viewed by the author. The interview guide 
used was The Test of the Pre-School Child’ s 
Familiarity with Measurement devised by 
Josephine MacLatchy and Cecil Swales 
and adapted and expanded by the author. 
All of the interviews were completed by 
the end of the first month of school of the 
fall semester, 1960. 

The data were placed on IBM ecards so 
that the statistical analyses 
could be made on the 650 electronic com- 
puter: 


sonal interview. was 


following 


1. An analysis of variance with each vari- 
able group 

2. Attest between the means of each pos- 
sible combination of the subgroups of 
the selected variable groups 

3. Percentages of correct responses to each 
item for the total group interviewed 

4. Percentages of correct responses to each 
item for the subgroups within the se- 
lected variable groups 


Findings 

The following is a summary of the find- 

ings: 

1. Examinees from 75 to 79 months-of- 
age possessed significantly more famil- 
larity with than did 

to 75 months-of- 


measurement 
examinees from 71 


age. 


~ 


2. Examinees from 79 to 85 months-of- 
age possessed significantly more famil- 
iarity with measurement than did the 
examinees from 71 to 75 months-of- 
age. 

3. Ixxaminees from 75 to 79 months-of- 
age did not differ significantly from 
examinees who were 79 to 85 months- 
of-age in their familiarity with meas- 
urement. 

4. Examinees from the upper socioeco- 
nomic strata did not differ signif- 

icantly from examinees in the middle 

socioeconomic strata in their famil- 
iarity with measurement. 

5. Examinees from the upper socioeco- 

nomic strata possessed significantly 
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6. 


“J 


9. 


10. 


more familiarity with measurement 
than did examinees from the lower 
socioeconomic strata. 

Examinees from the middle socioeco- 
nomic strata possessed significantly 
more familiarity with measurement 
than did examinees from the lower 
socioeconomic strata. 

Male examinees did not differ signif- 
icantly from female examinees in their 
familiarity with measurement. 
Examinees who had attended kinder- 
garten did not differ significantly from 
examinees who had not attended kin- 
dergarten in their familiarity with 
measurement. 

Examinees who rated ‘‘superior”’ or 
“high normal’ on the Metropolitan 
Readiness Test or “definitely ready” 
on the Associates 
Readiness Test possessed significantly 
more familiarity with measurement 
than did examinees who rated “aver- 


Science Research 


age’’ on the Metropolitan Readiness 
‘est or “‘probably ready”’ on the Sci- 
ence Research Associates Readiness 
Test. 

Examinees who rated “superior” or 
“high normal’ on the Metropolitan 
Readiness Test or ‘definitely ready”’ 
on the Associates 


Readiness Test possessed significantly 


Science Research 
more familiarity with measurement 
than did examinees who rated “low 
on the Metro- 
politan Readiness Test or “‘probably 


‘ 


normal” or “‘poor risk” 
not ready” or “definitely not ready” 


on the Science Research Associates 
Readiness Test. 

Examinees who rated ‘average’ on 
the Metropolitan Readiness Test or 
“probably ready” on the Science Re- 
search Associates Readiness Test pos- 
sessed significantly more familiarity 
with measurement than did examinees 
who rated “low normal’ or “poor 
risk” on the Metropolitan Readiness 
Test or “probably not ready” or 
“definitely not ready” on the Science 
Research Associates Readiness Test. 


165 





Conclusions 


On the basis of the findings of the pres- 


ent investigation, the following conclu- 
sions were drawn for the population tested 
and within the limits of this study: 


3. 


6. 


ag 


Age seemed to contribute to the child’s 
familiarity with measurement, the 
younger children being less familiar 
with the measurement items than were 
the older children. 

Socioeconomic status seemed to con- 
tribute to the child’s familiarity with 
measurement, the lower-socioeconomic- 
status children being less familiar with 
the measurement items than were the 
middle- or upper-socioeconomic-status 
children. 

Mental ability as measured by a read- 
iness test seemed to contribute to the 
child’s familiarity with measurement, 
the children in the low-mental-ability 
group being less familiar with the meas- 
urement items than were the children 
of the higher-mental-ability groups. 
Sex and attendance or nonattendance 
in kindergarten did not appear to con- 
tribute to the child’s familiarity with 
measurement. 

There seemed to be a wide range in the 
child’s familiarity with measurement, 
as indicated by a range of 22 to 84 items 
answered correctly. The child’s famil- 
iarity with measurement was greater 
when the terms were used in context 
than when the terms were treated as 
isolated factual situations. 

Children seemed to be more familiar 
with money than with any other area 
of measurement. 

The present investigation found chil- 
dren less familiar with measurement 
than previous studies indicated. 


Implications 


Relative to the conclusions of this study 


the following implications seem appro- 
priate: 


1. It can be implied from the data that the 
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8. 





older the child is, the greater is his 
familiarity with measurement. Since 
familiarity with measurement can be 
considered a factor in the child’s 
readiness to enter school, it would seem 
important to determine the time when 
the child would profit best from formal 
instruction in measurement. 

It can be implied from the data that 
this investigation further verifies the 
principle that maturity plays a part in 
the child’s ability to learn, even though 
a difference in maturity between boys 
and girls did not affect the children’s 
familiarity with measurement. 

It can be implied from the data that 
there are factors at work, such as poor 
environmental background, which make 
the lower socioeconomic children less 
familiar with measurement than the 
middle and upper socioeconomic chil- 
dren. 

It can be implied from the data that the 
children who have high mental ability 
as measured by a readiness test can 
proceed more quickly in becoming 
familiar with measurement than 
children of lower mental ability. 

It can be implied from the data that 
children coming to the first grade have 
great differences in their familiarity 
with measurement. This fact in turn 
implies that it is necessary to take in- 
dividual differences into account when 
planning measurement experiences for 
children. 

It can be implied from the data, that, 
even though attendance in kindergar- 
ten is meant to aid a child in getting 
ready for first grade, attendance in 
kindergarten seems to have no effect on 
familiarity with measurement. 

It can be implied from the data that 
children have heard many of the terms 
used in measurement and know the 
general meaning of the terms in context, 
but that the children are not familiar 
with the meaning of the terms used as 
abstract or exact measures. 

It can be implied from the data that 


can 
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children are most familiar with the 


measurement items which involve 
things that the children use most 


frequently, such as time and money. 
This implication would further imply 
that children tend to be most familiar 
with things they use and with things 
which have meaning for them. 

It can be implied from the data that 
there were some factors at work which 
made the percentages of correct re- 
sponses less for the present investiga- 
tion than they were for the previous 
studies. 


Recommendations 
The 


following recommendations are 


based on information gained during the 


present 


l. 


~ 


investigation: 


The measurement ideas taught in the 
first grade should be examined in light 
of the child’s familiarity with measure- 
ment when he enters the first grade. 
Perhaps some of the ideas now con- 
sidered appropriate for the first-grade 
level could be considered part of the 
child’s when he 


school. 


knowledge enters 
Consideration should be given by the 
the individual 
differences of each of her children when 


first-grade teacher to 
planning the curricular activities in- 
volving measurement 
though the 


measurement 


Even 
with 
can be determined in a 


ideas. 


child’s familiarity 


general sense, there will inevitably be 


children who are at various levels of 
understanding in their familiarity with 
measurement. 

Teachers need to study the composition 
of their groups of children in terms of 
the age level, socioeconomic level, and 
mental-ability level before planning 
curricular activities involving the chil- 
dren’s familiarity with measurement. 
Each of these factors should be con- 
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sidered in light of the findings of this 


investigation. 
Measurement should be taught in 
meaningful situations in which the 


child can actually use the measure in 
question, so that the idea being stressed 
is placed on a concrete rather than an 
abstract level. 

Rich measurement environments should 
be provided by the first-grade teacher 
with many concrete materials at hand, 
so that the everyday in-school meas- 
urement problems can be solved by the 
children in an intellectually stimulating 
setting. 

Further study should be done to aid in 
the isolation of other factors which may 
affect the child’s familiarity with meas- 
urement. Such studies might try to find 
the answers to the following questions: 
(1) Is there an optimum time in the 
child’s development when he would 
profit most from planned exposure to 
measurement ideas? (2) Are there sig- 
nificant differences in the child’s famil- 
iarity with measurement between chil- 
dren from urban and rural areas? 
Further study should be done in devel- 
oping additional instruments to isolate 
other factors which may affect the be- 
ginning first-grade child’s familiarity 
with measurement. 

Further study should be done to help 
isolate factors which contribute to the 
fact that no significant difference was 
found between children who attended 
kindergarten and children who did not 
attend kindergarten. these 
factors might be found in the following 
studies: (1) Are measurement ideas be- 
ing considered as part of the kinder- 
garten curriculum? (2) Are kindergar- 
ten children mature enough to have 
measurement included in the 
kindergarten curriculum? (3) Are rich 
measurement environments being pro- 
vided by the kindergarten curriculum? 


Some of 


ideas 
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Why do pupils avoid mathematics 
in high school? 


GUY M. WILSON Wellesley Hills, Massachusetts 
Dr. Wilson was professor of education at Boston University. He still 
offers his services as an arithmetic consultant. 


I must be pupils’ unpleasant experiences 
with arithmetic in the grades that cause 
them to avoid mathematics in high school. 
Before failure of pupils was ruled out by 
“progressive” education, arithmetic caused 
more failures than any other subject in the 
elementary curriculum. Today a high per- 
centage of pupils show no enthusiasm for 
arithmetic. 

Need this be so? When well taught, 
arithmetic is one of the easiest of school 
subjects. The essential drill load is light. 
In addition there are 100 primary facts, 
half of them easy, such as 1+1 or 1+4, 
and 300 related decade facts, such as 11+1 
or 21+4, to 39+9. In subtraction there 
are 100 facts, no more. In multiplication 
to 9X9, we have 100 facts; and in divi- 
sion, 81 essential facts and then a scheme 
for the process of long division. Thus 
children must learn only 681 facts: 
100 +300+ 100+ 100+81. In spelling there 
are 2,000 justifiable words for the grades, 
and spelling a word like “this’’ is more 
difficult than adding 1+2. In reading, 
there are about 3,000 basic words, with 
indefinite extension through dictionary 
usage. The drill task in arithmetic, there- 
fore, is simpler and easier than the drill 
work in either spelling or reading. 


The values of drill 


Drill in arithmetic beyond the funda- 
mental processes is of doubtful value. 
This is shown by extensive research studies 
by Wilson, Wise, Woody, Charters, Dal- 
rymple, Russell, and others. 
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Nevertheless most pupils in 
schools today count instead of adding. 
The counting for answers in addition con- 
tinues through the grades, through the 
high school, and into college. About fifty 
per cent of high school pupils fail to make 
a perfect score on a simple test in addition 
of whole numbers where no combination 
above 39+9 appears. Most adults, if it is 
possible, avoid figuring of any kind. 

This regrettable situation 
charged to poor teaching. The average 
teacher the country over doesn’t know 
how many drill facts there are in the fun- 
damental processes. He fails to organize 
the facts into a teaching program, al- 
though this should be an easy possibility.’ 
He merely assigns pages in a text; he 
doesn’t discover and follow the mental 
processes of the pupil and so he does not 
know what is going on in the pupil’s mind. 
Left on his own, and in the absence of any 
real teaching, the pupil counts or guesses; 
he does not arrive at the mastery which 
brings confidence and satisfaction. 


most 


must be 


Problems and appreciations 
in arithmetic 


Aside from the essential drill load there 
are two other phases of arithmetic, prob- 
lem work and appreciation units. 

Appreciation units are undertakings, 
preferably done by choice, on advanced or 
little-used processes, such as complicated 
fractions, decimals beyond money, ratio 

‘See Teaching the New Arithmetic by Wilson and others 


Chapters 10, 11, 12, and 13 (2nd ed.; New York: MeGraw-Hil 
Book Co., 1951). 
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and proportion, mensuration, business 
units involving percentage, units in al- 
gebra or elementary geometry, or interest- 
ing details in the development of the num- 
ber system, such as presented in the arti- 
cle by Kreitz and Flournoy in the October, 
1960, number of ‘THE ARITHMETIC 
TEACHER. In the grades these can be 
managed as just-for-fun opportunities for 
pupils who like arithmetic and mathemat- 
ics; they carry a forward look and are 
not part of the load in drill for mastery. 


Meaningful problems of real value 

Problem work as developed in the usual 
arithmetic textbook has little or no value. 
The real purpose of problem work should 
be the development of judgment in busi- 
ness; here figuring is merely a tool to aid 
in arriving at the best answer. In life there 
are real problems. For example, in buying 
a car, Many questions arise and one may 
use figuring as an aid in getting the right 
answers. What make of car should one 
buy? What are the prices of various makes? 
What can, or should, the buyer afford? 
What is his income? How much service 
can the car provide? Is it needed as trans- 
portation to work or is other transporta- 
tion convenient and economical? Should it 
be a new car or a used car? What is the 
cost of upkeep, of depreciation, of opera- 
tion, of insurance, excise or other taxes, 
registration, and a driver’s license? Judg- 
ment is needed at every turn. 

Buying a car is a serious experience 
in life, and it could easily be used as a prob- 
lem unit in school. It could profitably 
use the time of an arithmetic class for two 
days each week for several weeks. One 
capable teacher found the class sufficiently 
interested to pursue a unit on buying a 
car for a full half-year, two days each 
week. Many an adult knows that buying 
a car can occupy his attention for several 
months as he weighs and figures different 
possibilities. If he is buying a used car 
or trading in his car on another car, the 
difficulties of the problem are increased. 

Buying a car as a problem for upper- 


April 1961 


grade pupils may be referred to very prop- 
erly as a functional problem unit. Many 
such units have been developed, and the 
suggestion has been made that such units 
replace entirely the usual valueless list of 
isolated text problems.’ 

Open any sixth- or seventh-grade text 
in arithmetic and notice the trivial char- 
acter of the problem work. It appears to 
be just something to figure on without 
real purpose. On a single page of a sixth- 
grade text, pupils are asked to figure in ten 
different situations: average football 
scores, money left after buying a shirt, 
amount of money lost out of a purse, 
weekly allowance total for a year, divid- 
ing pay for digging a ditch among fifteen 
boys (not a likely situation), cutting 24- 
inch lengths from a 30-foot canvas, putting 
up a 50-foot clothesline, length of rope 
left after cutting off a piece, knitting 
squares for a Red Cross blanket. No one 
of these ten text problems presents a real 
problem situation to a class; they are 
trivial opportunities for figuring. No one 
really cares what the answers are. They 
are really disguised drill: 144+9; 
$11.23 —$6.98; 72¢—22¢; $3552; sum 
of 69¢, 5¢, and 3X9¢; $6+15; 30 ft. +24 
in. (or 2 ft.); 50—(203+16+103); 
184-22; 168—(7 X23). 

In life outside school people figure only 
when they want the answer, and they 
figure only when there is a background of 
experience. 


Bringing judgment into problems 

Some textbook writers have slightly 
improved the problem work by the use of 
“unified situations.’’ This is a step in the 
right direction, but it doesn’t go far 
enough. 

It is, however, an easy matter to change 
a “unified situation” to a problem calling 
for judgment. In a text for the sixth grade 
under the heading “Going to Market,” 
there is a unified situation with seven 


2 See an extended list of functional problem units in Chapter 
26, Teaching the New Arithmetic. See also Education for Feb. 
37, Apr. ’41, Apr. '45, Feb. '49, and Apr. ’51. 
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simple figuring opportunities or so-called 
problems: (1) cost of 8 oranges at 60¢ a 
dozen; (2) cost of 2 cantaloupes, each 4} 
lb. at 9¢ a pound; (3) cost of 43 lb. roast at 
52¢ a pound; (4) cost of 3 lb. of cherries at 
39¢ a pound; (5) cost of 4 cans of tomato 
soup at 123¢ a can; (6) cost of 1} doz. 
eggs at 55¢ a dozen; (7) cost of ¢ lb. of 
cheese at 65¢ a pound. 

As presented, this assignment consists 
of seven trivial tasks involving figuring 
that emphasizes fractions. No one of the 
tasks is likely to have any particular ap- 
peal for pupils. The assignment is just 
“some figuring”’ as far as children are con- 
cerned. The teacher may try to motivate 
the assignment by giving grades or post- 
ing the names of the successful. But there 
is no call for judgment and no carry-over 
to real life. 

Now instead of this formal and rela- 
tively profitless procedure, suppose that 
the class undertakes to buy a week’s sup- 
ply of groceries for a family. They might 
agree upon a family of four—father, 
mother, and two childrren, with sex and 
ages specified. The class could agree that 
the father is a factory worker with a 
known take-home pay each week, and by 
relating this money to the rules for a 
family budget, pupils could decide on the 
percentage of wages that could be spent 
for food. Other conditions could be 
agreed upon. For instance, the family 
might have a garden to provide a supply 
of potatoes, beets, turnips, tomatoes, and 
so forth, for part of the year. There 
should, of course, be local adaptation to 
make the situation especially meaningful. 

This procedure is shaping up a real 
problem that calls for judgment and not 
just figuring. One sixth grade, in Lynn, 
Massachusetts, developed a family budget 
unit as its problem work and spent two 
days each week for the entire year on this 
problem with its many interesting rami- 
fications. A problem scale test at the end 
of the year indicated superior results even 
on a problem scale of doubtful value in 
itself. 
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Judgment in business and in practical 
affairs—this should be the real purpose of 
problem work in arithmetic. This was 
the original purpose and determined the 
type of problem work in colonial days 
and in our early national period. It was in 
the early part of the nineteenth century 
that Colburn gave us his “number by de- 
velopment” with a mental discipline 
justification. There has been no essential 
change in a century and a quarter. Tradi- 
tion is very strong. The pupils of today 
deserve something better. They deserve 
functional problem units that will develop 
judgment for real life problems. 


Functional problem units 


Functional problem units will fall into 
one of two classes: 

General units based upon wise use of 
the family income, really centering around 
the family budget. Such units as buying 
food for the family, the clothing budget, 
installing a bath, the family car (new or 
used, one car or two, and so forth), life 
insurance for the family are basic. These 
units are designed to give pupils a basis 
for understanding and co-operating in a 
wise budget plan for the family. 

V ocational units designed to bring judg- 
ment to bear on vocational undertakings 
by members of a family. Units might in- 
volve such situations as: (a) Should a 
dairy farmer, milking 20 cows, also at- 
tempt to raise hogs? If so, how many 
brood sows? (b) Should a dairy farmer sell 
calves immediately, within a month, or 
should he hold them until they are one 
or two years old? (c) What returns can be 
expected from sheep on a farm? Is it more 
profitable to carry a flock of breeders or 
would it be better to buy and feed spring 
lambs? (d) What size farm can one man 
manage profitably? (e) What extra equip- 
ment and expense do the various types of 
farming require, dairy farming, hog rais- 
ing, sheep farming, cash crops? 

Obviously the problems suggested above 
are appropriate for pupils from farm 
homes only. In every case there should be 
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adaptation and choice by the pupils to in- 
sure a background for judgment and for 
gathering essential data. Usually a voca- 
tional functional problem unit will be pur- 
sued by one pupil or a small group, seldom 
by an entire class. 

Vocational units for city children may 
be less easily determined because of the 
absence of opportunities for participation 
in actual management or production. 
However one job can be compared with 
another, one business can be compared 
with another, causes of losses in a business 
can be noted, capital needs can be noted 
and compared. Most functional problem 
opportunities in a city relate closely to the 
family income and expenditures. But city 
pupils have developed banking units, sav- 
ings units, units on going to a summer 
camp or making a trip. Any of these af- 
fords good opportunities for business judg- 
ment, the proper aim of problem work. 


Essential objectives 
of arithmetic instruction 


The two essential objectives of arith- 
metic work in the grades are perfect mas- 
tery of the fundamentals that make up 
90-95 per cent of adult figuring, and judg- 
ment-forming functional problem units. 
Beyond these objectives are reference 
and appreciation opportunities, particu- 
larly for the brighter pupils, who look for- 
ward to mathematics as a field of special 
enjoyment and worthwhile opportunity. 
No one of these objectives is furthered by 
the usual textbook problems. 


Two views of arithmetic 


The ancient recognized two 
theoretical mathe- 


matics with the aim of mental develop- 


Greeks 
types of arithmetic 


ment for the leisure classes, and practical 
arithmetic for the countinghouse and the 
market place 
life. 

These two viewpoints on arithmetic 
survive in today. There are 
those who posit mathematical theory as 


the aim being usefulness in 


America 
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the chief aim in teaching arithmetic, and 
the justification in one form or another is 
mental discipline. On the other hand, 
there are others who base their arguments 
on social utility and urge that usefulness 
in life should be the chief objective in 
teaching arithmetic. 

When these two viewpoints are pre- 
sented to a group of school patrons, the 
vote is unanimous in favor of usefulness 
in life as the chief aim. On the other hand, 
the vote of a group of educators is likely 
to show a slight majority in favor of ‘‘in- 
tellectual development’? (mental disci- 
pline) as the chief aim of arithmetic. Are 
most educators lacking in practical ex- 
perience? Both groups agree in theory that 
any good teaching should be based upon 
understanding and motivation. 

The attitude of pupils toward mathe- 
matics in high schoo! can be changed and it 
has been changed in school systems where 
good teaching accomplishes the legitimate 
aims of arithmetic in the grades, namely 
(1) perfect scores in the essential drill proe- 
esses following good understanding and 
adequate motivation, (2) the development 
of business judgment opportunities through 
functional problem units, and (3) appreci- 
ation units, adjusted to ability and choice. 

In the subject of arithmetic, teachers 
have a splendid opportunity for service 
through good teaching. But good teaching 
requires more of a teacher than page as- 
signments, testing results, and recording 
grades. Teachers need to get into the real 
purposes of arithmetic, and with a proper 
basis in meaning and motivation, help 
pupils to realize the true purposes of the 
subject. 





Guidance counselors are encouraging more 
able students to take more than the required 
number of courses for graduation—18 to 20 or 
more units—instead of the traditional 16.— 
From “Schools in Our Democracy,’ Office of 
Education, U.S. Department of Health, Educa- 
tion, and Welfare. 
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Projects make mathematics 


more interesting 


JOHN B. HAGGERTY 


Calvin Coolidge School, Melrose, Massachusetts 


Mr. Haggerty is an instructor in junior high school mathematics 


in Calvin Coolidge School. 


lL, a recent survey the U.S. Office of 
Education asked mathematics teachers to 
rate according to preference a number of 
items of equipment which they had used 
for mathematics classes. Mathematical 
models led the list. 

This indicates the high regard most 
practicing teachers of mathematics have 
for materials that illustrate in a concrete 
way the more demonstrable principles of 
our favorite subject. Many of the com- 
mercial models which do this, however, are 
quite expensive and beyond the reach of 
the budget of smaller schools. On the other 
hand, classroom teachers have for years 
been turning out numbers of creditable 
models as by-products of classwork in 
mathematics. 

For a number of years we have been us- 
ing a mathematics project summary for 
one of the terminating activities in grade 
8. The results have been so encouraging 
and the pupil outcomes, both in terms of 
knowledge, attitudes, and basic concepts 
as well as in terms of the models, have been 
so good that we would like to call atten- 
tion to them. Possibly here is one answer 
to the problem of the skyrocketing costs of 
modern education. We only wish to point 
out some of the affirmative phases of this 
highly interesting activity. We realize of 
course that there are many teachers who 
regularly do this sort of thing within the 
curriculum, yet we have found many more 
teachers who do not use such activities. 

Naturally, there are many objections 
raised by the skeptical teacher. Among 
these are: 
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“Takes too much time. Interferes with 
time allotments.”’ 

“Models are junky and too hard to store.”’ 

“Prepared commercial demonstrations are 
more practical.” 

“Models are lacking in pupil appeal.”’ 

“The mathematical approach is vague and 
confusing to pupils.” 

“Pupils do too much copying and not 
enough creative work.”’ 

“Projects clutter up the math room. Pupils 
play with them.” 

“Activities are expensive to the pupil.” 

“Projects are false or poorly constructed.” 


Teachers who are using the project ac- 
tivity during the year take a different 
view. Most of them feel that it does not 
take a significant amount of time from the 
curriculum because most of the assign- 
ment is done as homework. These teachers 
feel this is a highly productive kind of 
homework because it offers a chance for 
creative work as well as a good situation 
for recitation. 

How do the pupils feel about such an 
activity? No doubt there are many who 
do not see any value in it at all. By careful 
observation and casual interview we ob- 
tained comments such as the following: 


“My project took about two hours’ work 
last night.” 

“T would have been doing something else 
anyway.” 

“‘My father said it was a waste of time.” 

“T enjoyed the shows. You learn better 
from them.” 

“My mark was C—anyway.” 
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“Boys are better at making machines. The 
girls study and plan more [a boy’s com- 
ment].”’ 

“We still do the daily work anyway.” 


Regardless of adverse comments, we 
make a careful appraisal each year of the 
outcomes of the “extra-project”’ activities 
as well as of the products themselves. This 
keeps the whole activity from straying 
away from the base of pupil interest, 
which is the motivating force. 

Unless the project is an out-and-out toy 
with definite recreational possibilities, we 
have found the highest pupil interest ap- 
peal in projects that show the clearest 
mathematical implications. For example, 
Janet chose to construct a demonstration 
chart showing the relation of the laws of 
probability to genetics. She used Mendel’s 
series of experiments with sweet peas as a 
basis. Although one might not suspect it, 
the pupil appeal of this project was very 
high. It was almost as if young people 
were amazed to think that inheritance of 
definite characteristics could possibly fol- 
low a definite (but not absolute) pattern. 

The binary system of numbers, which is 
each year introduced to the grade by a 
number stunt, formed the basis for three 
projects. 

David applied the binary system to a 
series or closed set of chemical elements 
and isolated the chosen element in six 
sortings by using a primitive system of 
notched and punched cards. Thomas pre- 
pared an exhaustive set of punched cards 
for a set of 255 numbers. He wrote the 
binary number on each card and related it 
to the shorthand base 8 during his dem- 
onstration to the class. Guy built an ac- 
tual single-cell sorting machine which was 
operated mechanically. During the course 
of his demonstration to the class he de- 
scribed the characteristics of the binary 
system as applied to typical electric cir- 
cuits. (None of this had been taken up in 
class.) If he was at all nervous during his 
demonstration, one never knew it. The 
chosen sample alone remained on the pin 
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as it was designed to do. This project was 
voted the best of the year by the pupils 
and Guy, a “B” pupil at his best, was very 
happy about that outcome. 

A project by Philip was outstanding 
both for pupil appeal and toy value. With 
the help of his father, Philip constructed a 
probability game board which consisted of 
a feeder trough for 3-inch marbles that led 
into a field of steel brads preceding a 
series of 20 terminal troughs. The whole 
project was built from plywood and pupils 
were constantly trying it out before and 
after school. 

Another project, built by Stephan, con- 
sisted of a series of concentric circles sawed 
out of masonite, each with a hole drilled in 
the center and arranged from larger to 
smaller on one of three nails sticking up 
out of a board. (Stephan got the idea from 
a small game someone had given him for 
Christmas.) The object was to remove all 
the discs, one at a time, to another nail 
without placing a larger disc over a smaller 
one at any time. While other pupils were 
playing with his probability board, Ste- 
phan was trying to beat the time on this 
combination shift. His best time for seven 
discs was four minutes and fifty seconds, 
and this stands as the present record in 
our school. 

All the projects were not toys. Some 
were demonstrations of the correlation be- 
tween mathematics and science. Chester 
constructed a device by using a cylindrical 
fruit juice can that contained exactly 45 
cubic inches. This he placed in the center 
of a larger cut-off can with a depth of 
about three inches. The outer vessel had a 
cubic content of fourteen inches around 
the center one. Chester selected a rock and 
shaped it (irregularly) so that when sub- 
merged it displaced exactly enough water 
to fill the outside can to the brim. The 
fact that the rock displaced fourteen cubic 
inches of water gives its true volume ac- 
cording to the principle discovered by the 
famous Greek mathematician Archimedes, 
“A submerged object displaces an equal 
volume of water.” 
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Paul constructed two four-inch cubic 
dice from hardwood. Using these, he dem- 
onstrated the odds on various numbers 
coming up on any given roll. 

The Pythagorean theorem was a popu- 
lar choice and was demonstrated several 
ways. Paul constructed a basic triangle 
three by four by five inches with raised 
squares on each side. Using glass marbles 
one inch in diameter, it was easy to show 
that the nine marbles on the base square 
added to the sixteen marbles on the alti- 
tude square just exactly filled the square 
on the hypoteneuse with 25 marbles. The 
bright-colored marbles added greatly to 
the pupil appeal of this project. 

Carole demonstrated the Pythagorean 
theorem by constructing a toy house and 
a series of small ladders ranging from 
three to fifteen inches to show the multiple 
series of three-, four-, and five-inch tri- 
angles. 

Several projects were of the research 
type. Two of these deserve honorable men- 
tion. David wrote, edited, illustrated, and 
typed a 30-page copy of a “Book of In- 
teresting Mathematics.” It was just that. 
During the course of his research he came 
upon such interesting and famous al- 
gorithms as Euclid’s L.C.M. and Eratos- 
thenes’ Sieve for Primes, as well as Pascal’s 
triangle. Angela wrote a scholarly pres- 
entation of three methods of finding the 
volume of a sphere (formula, limits, and 
graphic). Her blackboard demonstration 
of these three methods to an accelerated 
seventh-grade class clearly demonstrated 
her fitness for her chosen profession, teach- 
ing. This was an outcome we had not ex- 
pected, and it could well be the most im- 
portant one. 

There were many other excellent proj- 
ects. We have only mentioned ones that 
seem to show a trend. Naturally there were 
a number of oversimplified, poorly con- 
structed, and even basically illogical dem- 
onstrations. This is always to be expected. 
Some projects were copied verbatim from 
textbooks. Others were poor copies of 
projects submitted earlier and were ac- 
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companied by highly irrelevant demon- 
strations. Many of these were from pupils 
of somewhat less than average ability either 
in mathematics or construction. In many 
cases, pupils asked for more time to make 
improvements in their work and returned 
with a fairly well-done piece of work. 
Every project was kept, and all pupils 
were assigned order-numbers in which to 
demonstrate their projects to the class. 
Classmates were quick to point up the 
falsities in any questionable presentation. 

All projects were looked at, examined, 
discussed, and manipulated, but they were 
not graded as such. We have found this fact 
to be of considerable importance in the 
success of this activity. Another positive 
contributing factor was that the project 
was not required. 

The preproject planning stage of this 
whole activity was important. During the 
course of the year’s work, the teacher used 
several demonstrations made in preceding 
years. Each time these were used the 
teacher was careful to give the pupil who 
originally designed the project full credit. 
This is possible because a record is care- 
fully kept by means of a series of descrip- 
tive booklets filed from year to year. Each 
pupil writes a description of his own proj- 
ect in a small standard-sized booklet for 
easy filing chronologically. It thus takes 
but a minute for the classroom teacher to 
connect the right pupil to the project for 
future discussions. A pupil derives great 
pleasure from knowing that something he 
made is being used daily or at least 
periodically during the course of class- 
room work. Not only that, it becomes a 
simple matter of replacement, usually with 
needed improvements, when a demonstra- 
tion model begins to show signs of wear 
and tear. Pupils of high constructive but 
low creative abilities enjoy making these 
improvements. 

For a number of years, projects were re- 
quired from every pupil. It became grad- 
ually apparent that the bulk of the work 
was of the one-night, minimum-assign- 
ment variety. A much better selection was 
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obtained when we adopted the following 

organization. 

1. Projects were required from only the 
“A” and “‘B” pupils. Immediately the 
picture changed. Pupils who were just 
passing requested the chance to make a 
project and lift their grades. The “‘A’s”’ 
and ‘‘B’s’” felt honored at their selec- 
tion and put forth real efforts to pro- 
duce superior projects. 

2. The general call for projects went out 
several months in advance of the dead- 
line, usually May 1. Good pupils were 
quick to grasp this advantage in plan- 
ning time. Research materials were 
gathered and organized well in advance 
of the final construction date. 

3. Seventh-grade classes with excellent po- 
tential mathematics ability were in- 
vited to sit in on the eighth-grade dem- 
onstrations in May and June. We would 
commonly double a_ seventh- and 

division to watch the 
demonstrations. This gave the incom- 
ing eighth-graders a preview of the 
whole project activity. It usually mo- 
tivated superior pupils’ planning. 

In conclusion, to answer some of the 
criticisms which have been raised, we find 
pupils as well as teachers have clearly ex- 
pressed themselves. 


eighth-grade 


Pupils say 

“We would rather watch somebody we 
know do his project than have the 
teacher do a bought one.” 

“The bought ones are better, but they 
cost a lot.” 

“Boys and girls like tomake useful things.”’ 

“Tt’s nice to know your project will al- 
ways be used.” 

“Pupils’ projects do not cost the school 
very much, and they can always be 
made better next time.” 

“T like projects—they make mathematics 

more interesting.” 

“T think I learned more from the projects 
than from the examples.”’ 

“Colors make things clearer and more 
reasonable.”’ 
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““My project wasn’t so good, but I thought 
some of the others were very good.” 
“Some pupils who did not do very well in 
math did some very good projects.” 


Teachers say 
‘“‘Whatever the pupil project lacks in de- 

sign, construction, and durability, it 

more than makes up in pupil appeal and 
enthusiasm.” 

“Pupils like to try each other’s projects 
and freely criticize them as to their 
validity.” 

“A few pupil-made demonstration models 
are actually superior to commercial 
items.” 

“Projects brighten up the classroom dur- 
ing the last two months of the school 
year. They keep up interest in the sub- 
ject till the very last.”’ 

“There is no doubt that pupils learn by 
doing.”’ 

Finally, it must be said that many fine 
pupils arrive in Grade 8 with a firm dis- 
like for the subject of mathematics. Re- 
gardless of how or why it developed, the 
dislike is evident to any experienced 
teacher. The project activity is just one 
more interesting way of putting the sub- 
ject across to this type of pupil. Many 
pupils and a few teachers frankly admit 
that an activity of this type is a richly re- 
warding experience, especially if it goes off 
at all well. We cannot stress too much the 
importance of the teacher’s own enthu- 
siasm for the activity. This becomes very 
evident to the pupils during the year as 
previous projects are being used in the 
classroom work. 

Even if the year’s crop of projects is not 
a huge success, what has been lost? An 
hour or two of class time for demonstration 
at the most. At the very least, you will 
get one or two models you can use. Even 
the poorest projects often have unex- 
pectedly good outcomes. There is always 
the hopeful thought that even if you have 
reached only one pupil who was not re- 
sponding to the academic approach, it was 
all worthwhile. See if you don’t agree. 
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Dividing by zero 


MARVIN L. BENDER 


The Educational Research Council of Greater Cleveland, Cleveland, Ohio 
Mr. Bender is research assistant in the curriculum department 

for the Educational Research Council of Greater Cleveland. 

His major responsibilities are directing the SMSG research program 


for grades 4, 5, and 6. 


The questions surrounding the idea of 
dividing by zero are recurrent and per- 
plexing. Attempts to answer the questions 
are often based on semantic confusion be- 
tween “nothing” and ‘‘zero,’”’ but zero is 
not nothing. As we know, zero is a num- 
ber, in particular it is the cardinal number 
of the empty set. Zero is the number that 
tells us how many we have of something 
when we don’t have any at all. Nothing is 
the state of nonexistence itself. Most dic- 
tionaries lend aid and comfort to this con- 
fusion by equating the two concepts in 
definitions. An error is often made by as- 
suming that the opposite of nothing is 
anything. It would seem much more rea- 
sonable to let everything or something 
be the opposite of nothing. 

Other attempts to answer questions 
about division by zero can be refuted on 
purely mathematical grounds. 


Some invalid arguments 


Let us look at several answers, all of 
which will be shown to be unacceptable, 
and then discuss the right answer. 

Attempt 1: ‘‘Dividing a number by 0 is 
dividing by nothing, and if you don’t di- 
vide by anything, you don’t get anything, 
so the answer is 0.” 


6 
Example: —=0. 
wai 
Attempt 2: This is the same as the first 


attempt, except that the conclusion is, 
“Tf you don’t divide by anything, the 
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number stays the same, so the answer is 
the number you started with.”’ 


E ] : 6 
Lxample: -=b6. 
af 0 


Attempt 3: ‘When you divide a number 
by 0, you get 1.” 


6 
Example: —= 1. 
0) 
Attempt 4: “A number divided by zero 
is infinity, because if r is to be a number, it 


should be a unique number.”’ 


Refutations 


A mathematical refutation of the first 


three attempts depends upon the fact that 
4 a 

we define a fractional number to be equal 
y) 


to a number c if, and only if, a= be. 
6 


For example, —=3, since 6=2X3. Ap- 
2 
plying this definition to the second at- 


6 
tempt, suppose that . 6. Then 





ze a 
-X-=-X6. 
6 0 6 
Thus, =1. Thus, —— =1. Thus, -=1 
6 ) 
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6 
But we assumed that -=6. This is inconsist- 


ent with our assumption and so — cannot be 6. 
( 


) 
On the other hand, suppose ‘ . Then, 
él... thea vi. 6 
<-=-X|1. Thus, =—. Thus, =—, 
6 0 G 6x0 6 6X0 6 


- Again, we have a contradic- 


, 6 
Finally, 
QO 6 


tion since we assumed —=1. Therefore, — 
0 
cannot be 1. 

In order, the definition yields 6=0X0, 
6=0 6, and 6=0X1. These conclusions 
are clearly unacceptable. 

The fourth attempt is not completely 
adequate, but it does contain the real crux 
of the matter. 


The crux of the matter 
ae 

It can be argued that if is going to 

have a value, it should be infinity, usually 

written by mathematicians as ©. This can 

ok, 
be seen by examining — for values of x get- 
x 


ting closer and closer to 0. For example, 


6 6 6 6 
=6, (2. =60, ———— =6000. 
l | 1 
2 10 1000 


It is seen that as x gets closer and closer to 


6 
0, — gets larger and larger without bound, 
x 
6 


i.e., — gets as large as we like. Mathema- 
x 


ticians express this by saying that as z 


approaches 0, — “becomes as large as we 
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want,” “increases without bound,” or 
“approaches infinity.’”’ They also say that 


6 
“the limit of —- as x approaches 0 is infin- 
x 


ity.” This is abbreviated as 


. 
lim -= ©, 
z.0 ZX 


It is this process of examining limits 
which leads to the subject of the calculus 
in higher mathematics. 

Another way of seeing this is to go back 
to the definition of division as ‘‘repeated 
subtraction.’’ Thus, when we say 8+2=4, 
what we mean is that 2 can be subtracted 
from 8 exactly 4 times. Similarly, 8+1=8 
means that 1 can be subtracted from 8 ex- 
actly 8 times. Now what would 6+0 give 
us by the definition? Since 0 can be sub- 
tracted from 6 as often as we like, i.e., an 
infinite number of times, we are led to the 
result, 6+0 is infinite if our definition is to 
hold in this case as in all others. 

Then the question arises as to whether it 

6 
is correct to say that “aa 0 , 


The answer is yes and no; yes in a cer- 
tain sense in higher mathematics, but no 
in elementary mathematics. The reason 
for the negative answer follows. In the 
fifth grade, when children do subtraction, 
they must be careful to avoid problems 
like 2—4. This is because they are not yet 
acquainted with negative numbers. In the 
sixth grade, when pupils learn about nega- 
tive integers, they can write 2—4= —2. But 
in the fifth grade, 2—4 is impossible be- 
cause it would violate the principle of 
closure. 

The principle of closure says that an 
operation (such as subtraction) can be 
performed on two numbers only when the 
result is a number in the set of numbers 
in which one is working. (In the fifth grade, 
this is the set of whole numbers). This 
means that our set of numbers is kept 
closed, or restricted, under the operation 
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in question. So it is when we come to divi- 
6 
sion. We are not allowed to say a ec unless 


co is a number in the set of numbers with 
which we are working. But the sets of 
numbers used in elementary school and 
even all the way through high school to the 
college level do not include ~ as a number. 
We can count 1, 2, 3, 4, - - - as far as we 
like, and all these numbers are natural 
numbers, but we never reach ©. There- 
fore, © is not a counting number nor is it 
a fractional number nor even an irrational 
number. 

In some college-level courses, infinities 
of several types are adjoined to the num- 
ber system, but this is done systematically 
through the study of infinite sets. The re- 
sulting new arithmetic is structurally 
quite different from our familiar arith- 
metic. 

Since relatively few students will spe- 
cialize in mathematics to the extent of 
reaching the arithmetic of the infinite, it 
is best not to get any more involved in 
these fairly esoteric questions than is abso- 
lutely necessary at this time. The hurdle 


6 
to be overcome in treating rs is seen to be 


much greater than that in dealing with 
2—4 at the elementary level before nega- 
tive numbers are introduced. 


What can we say? 


The right answer to the question is con- 
tained in the foregoing paragraph. Just as 
in grade five, before negative numbers are 
introduced, we must say that 2—4 is an 
impossible or impermissible problem, so 
we must say throughout elementary- and 


6 
secondary-school years that r is an imposst- 


ble or impermissible problem. 
It should be noted that all of the pre- 


5 
ceding analysis holds equally well for 9’ 
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2 —3 
or—-» or 
0 





» or any other case of division 


6 
by zero. Here — was used only as a concrete 
0 
example. 
% 0 ° . . 
The case of — is somewhat special. For 
this expression, it would seem reasonable 
0 . 
to assume that “i 1, because anything 


divided by itself is one. But here again, we 
get into mathematical difficulty. Assume 


0 
that -=1. Then 
0 


com) 


0x2 
Then 


X2=1X2. 1X2. 


0 
; . 0 
Then —=2. But we have said that l. 
0 0 
rhis is an unsatisfactory state of affairs 
0 ' 
because we want 0 to have a unique value, 


and so r cannot be unity. 


0 
Let us notice that _ does not lead 


to algebraic inconsistency within the sys- 
tem of numbers. It is impossible to refute 
this single case in the same way that we 
. . . n 
refute attempted definitions of “4 when n 


is not itself equal to 0. However, it is found 
in higher mathematics that a definition of 


a would be unsatisfactory because it 


would not agree with results of the limit 
process and would lead to discontinuities 
in several elementary types of functions. 
What this means is that some functions 
which should have smooth graphs will 
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have “holes” in them if we agree to let 


0 
—=(). 


- For a particularly simple example, 


x 
try to graph — for all real values of x. If 
x 


es there will be a hole in the graph for 


the value x=0. The graph would seem to 
:.. Va 
suggest defining _- 1, but we have already 


seen that this is not satisfactory. 

Therefore, we again emphasize that 
division by 0 is undefined—even when the 
dividend is 0. 





The metric system IS simple! 


RICHARD H. PRAY El Centro, California 
During 1959-60 Mr. Pray taught in the elementary and high school 
in St. Johns, Arizona. Presently he is enrolled 


at the University of California, continuing his major in mathematics 


and working to complete his Master of Science degree. 


With all the clamor about the United 
States being “‘first”’ in space, science, and 
other related areas, the people of the coun- 
try have already relegated themselves to 
one technological “‘last.” Every nation in 
the world with the exception of the United 
States and England has switched to the 
easier metric system of measurement. 
Radical change of any sort is difficult, 
particularly in a democracy where the 
people must agree to it. However, through 
sane presentation, the children now in 
school could be shown that it zs a better 
system. Herein lies the difficulty. 
Schools and textbooks spend too much 
time stressing the relationships between 
the metric and English systems. Students 
are told that the metric system is simple 
and therefore easier, but then are assigned 
tedious exercises converting from one sys- 
tem to the other and back again. This in- 
volves remembering ‘‘one meter equals 
thirty-nine and thirty-seven hundredths 
inches,”’ as well as multiplying and divid- 
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ing decimals (which is certainly not the 
favorite pastime of most pupils). 

The point that the writer wishes to 
make is that the metric system should be 
taught as a system of measurement—not as 
a comparison to our own system. 

Beyond the incidental fact that a meter 
is slightly more than a yard, conversion 
from the metric to the English should be 
eliminated entirely. The student should be 
provided with a metric ruler and given 
ample opportunity to take measurements, 
manipulate them, and come up with an-’ 
swers in (and left in) metric form. In short, 
he should use the metric system for meas- 
uring if he is to learn it and regard it favor- 
ably. 

The object is not to enable the student 
to be able to convert, but to allow him to 
compare the two systems as separate enti- 
ties—without confusing the issue by 
switching back and forth between them— 
and to let him decide which is the easier 
to handle. 








More on divisibility 
by seven and thirteen 


GEORGE 8. CUNNINGHAM Concord, New Hampshire 


Mr. Cunningham is director of mathematics education in the New Hampshire Slate 
Depatment of Education. He is also a part-time lecturer in education and mathematics 
for the University of Maine, Extension Division at Portland, Maine. 


L. his article, Divisibility by Seven and 
Thirteen, in the November, 1958 issue of 
Tue ARITHMETIC TEACHER, Mueller de- 
rives and states rules for testing divisibil- 
ity of whole numbers by seven and by 
thirteen. These rules are presumably de- 
signed to take less time than division, since 
they are in answer to Yearout’s earlier 
statement that there are no simple rules 
for divisibility by seven. 

Suppose we test 1,123,456,789 by Muel- 
ler’s rules and then by simple division. The 
rules follow: 


Test for divisibility by seven 

A whole number is exactly divisible by 
seven tf the difference between twice its unit- 
digit and the number formed by its non-unit 
digits is exactly divisible by seven. 


Test for divisibility by thirteen 

A whole number is exactly divisible by 13 
af the sum of four times the units-digit added 
to the number formed by its non-unit digits 
is exactly divisible by 13. 


The procedure of Mueller’s rule for di- 
visibility by seven and by thirteen would 
run like this: 


By seven: 112,345,678 
—18 





112 ,345 , 669 
—1 2 


112 ,344,4 
—8 


180 


112,336 
—12 


112,27 


By thirteen: 112,345,678 
+36 


112,345,714 
+16 
112 345,87 
+2 8 
112 ,348 , 6 
+24 
112,372 
+8 








112,45 
+2 0 
114 4 
+16 


139 (Original number is ex- 
actly divisible by thir- 
teen.) 


In this operation of the rules for testing, 
it would seem that little, if any, advantage 
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is gained over testing by simple division. 
There is, however, a supplemental rule for 
rapidly reducing large numbers to three- 
digit numbers that are equivalent to the 
original number in their divisibility by 
both seven and thirteen, and which uses 
Mueller’s procedures for testing the re- 
sulting three-digit equivalents. 


Reduction rule 


A whole number is exactly divisible by 
seven if the reduction number is exactly di- 
visible by seven; and is divisible by thir- 
teen+if the reduction number is exactly 
divisible by thirteen. The reduction number 
is determined by the difference between the 
sum of the number formed by three digits on 
the right with the numbers formed by alter- 
nate three digits toward the left, and the sum 
of numbers formed by the second set of three 
digits with the numbers formed by alternate 
three digits toward the left. (By alternate 
three digits, it is meant to skip three digits, 
then include three, etc.) 

The application of the reduction rule to 


our illustration 1,123,456,789 yields (789 
plus 123) — (456 plus 1) =912—456 = 455. 
455 is easily determined by simple division 
or Mueller’s rules to be divisible both by 
seven and by thirteen. We know from this 
divisibility that 1,123,456,789 is also di- 
visible by both 7 and 13. 


Proof of reduction rule 


It is only necessary to note that 1,000,000 
is equal to 7X13X10,989+1 to see that 
N millions will have exactly the same di- 
visibility by either 7 or 13 as N alone. We 
also note that 1,000 is equal to 7X13 
X11—1. We see that N thousand will have 
exactly the divisibility of negative N. From 
these observations and the distributive 
law, we conclude that A billion, B million, 
C thousand, D will have exactly the di- 
visibility (as far as 7 and 13 are concerned) 
as (D+ B)—(C+A). Since negative num- 
bers have the same divisibility as their 
positive prototypes, we take the absolute 
difference on the test. 





A method 
for checking addition 


1. Add x numbers arranged in a column to 
obtain their sum c. 


2. Add all but the last two numbers to 
get sum a. 
3. Add the last two numbers to get sum b. 


1. Continue to add the digits of a, b, and c 
individually until you obtain single 
digit numbers (e.g., for 12, 1+2=83). 

5. Record sum a. 

6. Record difference of (b—c). 

7. Sum of steps 5 and 6 must equal 9 or 0, 
if the addition is correct. 
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An example: 


8 Sum c equals 26. 2+6=8 
6 Sum a equals 14. 1+4=5 
9) Sum 6 equals 12. 1+2=3 
3 

26 


a+(b—c) =W 


5+(3-—8)=W 
5+( -—5) =W 
0=W 


Correct because W =0 
,ONALD ZIMMERMAN 
Doane College 
Crete, Nebraska 
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The versatile number runner’ 


MARY MICHALOV Chicago, Illinois 


Miss Michalov is a first-grade teacher at Rugen School in Glenview, Illinois. 


The number runner is a simple arithmetic 
device that can be used with amazing 
success in the primary and intermediate 
grades to develop meaningful arithmetic 
concepts. The unbroken line of uniformly 
sized numbers and symbols lends itself to 
pupil discovery of many number relation- 
ships and patterns. The opportunity of 
handling the runner, of visualizing the ar- 
rangement of numbers in sequence, and of 
discovering number secrets results in keen 
understanding and in a photographic re- 
tention of number values, number facts 
and patterns, and arithmetic processes. 

It is imperative that the runner be at- 
tached low enough on the wall in the pri- 
mary grades that the children can handle 


Using the runner 

The first-grade pupil will get a broad 
understanding of number relationships 
through the use of this device. 

By touching the number symbols used, 
the child learns to count with understand- 
ing, visualizing that counting means tak- 
ing one more object as he progresses along 
the runner. The counting may be devel- 
oped in several ways: 1, 2, 3, etce.; 1 and | 
more are 2, and | more are 3, etc.; after | 
comes 2, after 2 comes 3, ete. 

Before the numerals are learned, simple 
grouping can be developed all along the 
runner by several pupils simultaneously 
“Enclose 2 stars with your hands (**), 3 
stars, 5 stars, 4 stars, 1 star.’”’ The teacher 
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Figure 1 


it at eye level. It can be extended along 
one or more walls in the classroom to go 
as far as possible beyond 100. (See Figure 
1.) 

The runner can be remade annually by 
the teacher since much handling in the 
course of a school term soils it noticeably. 
The only materials required for its con- 
struction are a print set, or marking pen, 
and some 4” X30” oak tag sentence strips. 
A star, a circle, or any form or picture 
stamp may be placed in one-to-one corre- 
spondence with each numeral. A form or 
picture stamp is preferable to mere lines, 
as used on a ruler. 


* A condensation of this article appeared in the May, 1960 
issue of JUinois Education. 
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‘an test several pupils in recognizing and 
showing number groups readily; while the 
actual enclosure of a given number of sym- 
bols with both hands gives the pupil a mas- 
tery of the problem assigned—kinetically, 
visually, conceptually, and retentively. 
With no allusion made by the teacher, 
some pupil will discover that each symbol 
has a figure name above; and since most 
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Figure 2 
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Figure 3 


children have some knowledge of figures, 
they quickly recognize that there is a rela- 
tionship between the symbol and the 
figure above (Fig. 2). When this discovery 
is made by a child, the teacher can draw 
the attention of the class to the relation- 
ships all along the runner and spend some 
time in studying the digit symbols and 
their names. “The first star’s name is 1 
(pointing to the star and its figure name 
above), the second star’s name is 2, ete.” 
Later on the teacher may ask pupils to 
find the stars whose names are 9, 15, 24, 
53, etc. 
When a 
counted, only one hand need be used to 
show that all the symbols from the first to 


large number of stars are 


the last one make the complete group. 
(See Figure 3.) There are 21 stars, or a 


group of 21. 


Making discoveries 


Discovery of many number arrange- 
ments can now be found and shown on the 
runner. “‘Look at the number runner and 
find some other interesting things.’’ One 
child may go to the runner and find and 
count all the 40’s, from 40 to 49; and 
quickly others will find the other decade 
groups. Another child will see the 0 num- 
bers—10, 20, 30, ete.; and other children 
will find the twins—11, 22, 33, ete. ;—and 
the repetition of the digits 0 to 9 in the 
different decade groups along the entire 
runner. They become fascinated with the 
game of finding new secrets on the runner 
device. 

When they can count from 1 to 100 by 
touching the stars and recognizing their 
number names above, they are ready to 
count across the runner by 2’s, 3’s, and 
4’s. Insist that they use the left hand to 
show the distance traveled and the right 
hand to pick up the next group in progres- 
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sion. They may begin at any number and 
proceed successfully inasmuch as groups 
of 2, 3, and 4 are readily recognized and 
their number names are visible above. 
For example, counting by 3’s can take 
0,1, or 2 as a starting point; counting by 
4’s may begin at 0, 1, 2, or 3. 

Tricks for picking up 5’s and 6’s without 
counting can be shown by the teacher 
through blackboard exercises and practice 
in recognizing the number of boxes on the 
pages in their reading books. By covering 
the middle box in a group of 5 objects or 
pictures, the children will notice that there 
are 2 on each side of the hand, making a 
total of 4; and when the hidden one is ex- 
posed, there are 5 in all (Fig. 4). So to 
show 5 symbols on the runner, 2 are picked 
up, 1 hidden with the hand, and 2 more 
are shown to make a 5-group without 
counting. (See Figure 5.) Children de- 
velop this skill readily. To count by 6’s, 
they merely take two groups of 3 stars 
and give the new sum. 

At this stage of development subtrac- 
tion in series can be introduced. One child 





Figure 4 





o 1 2Nh4 56 7 


x * * KAK HK 








Figure 5 


183 











adds any number along the runner as far 
as he can or along the entire track; and 
another child may begin at the end and 
take away the same number back to the 
starting point. The terms and the concept 
of the two major arithmetic processes, ad- 
dition and subtraction, thus introduced 
are visualized, pointed out, stated orally, 
and understood by the children. A good 
game is to tell a pupil to close his eyes, 
walk along the wall until he is told to stop, 
touch the runner, open his eyes, and begin 
to count by a given number from the num- 
ber that he is touching, either adding or 
taking away as directed. 

Counting by 10’s must be supervised by 
the teacher, and several lessons may be 
necessary to fix this secret of the number 
runner. A child is asked to enclose a cer- 
tain number of stars, such as 4, and to 
touch the fourth one. Another child counts 
10 more stars aloud, touching each symbol 
as he gives its name. All note the number 
he points to at the end of the count (14). 
A third child repeats the process, adding 
10 to the count, and all observe his stop 
figure (24). Continuing this exercise across 
the runner, the discovery is made that all 
the children at the runner are touching a 
number containing a 4. Then one child 
may review the problem from the starting 
point 4, independently. At subsequent 
lessons counting by 10’s may be developed, 
using all the digits as starting numbers. 

An occasional lesson for testing pur- 
poses is valuable to the teacher. A child 
may go to the runner and do anything he 
wishes. The teacher may request that each 
pupil do something different during this 
particular lesson. Later, exercises may be 
strictly oral, with pupils going to the run- 
ner only to prove those facts that are given 
wrong or those not known readily. 

Counting by 11’s is an interesting dis- 
covery since the stops are the twins— 
11, 22, 33, ete. One of my pupils chose to 
count by 11’s from 1 as a starting point 
and did it correctly across the entire run- 
ner. When I asked how she learned to do 
that, she replied that her mother taught 
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her the trick: that she should pick up 10 
and then take 1 more to make the llth 
one. (1+11=124+11=23+4+11=34+11 
= 45, etc.) 

To develop mastery of number sequence 
by name, exercises may be given in glanc- 
ing at, or showing on the runner, answers 
to such questions as: What are the names 
of the 3 numbers that come after 5? After 
9? After 32? Of the 2 numbers that come 
before 7? 11? This exercise serves as a 
basis for the addition and subtraction 
processes involved in oral and mental 
problem-solving. 


Learning about addition and 

subtraction 

Addition and subtraction can now be 
developed, involving the smaller digits 
(1-6) and the 10’s. A child shows and 
gives the answers for such dictated prob- 
lems as: 6+2+10+1+3+1, or 98—10 
—1—3-—-—10. Boys and girls like to run up 
and down the number track. (A toy car 
can be held by the pupil making the trip.) 

The next step in this dramatized num- 
ber development is a combination of addi- 
tion and subtraction exercises. A child can 
show and state answers for such dictated 
problems as: 6+2+10—3-—10+5+5-—2 
—10. 

Many new discoveries in the addition 
and subtraction facts can now be devel- 
oped on the runner: 2+2=4, 12+2=14, 
22+2=24, etc.; 3-—1=2, 13—1=12, 
33 —1=32, etc. If a child knows one digit 
fact, he really knows the same fact for 
each decade group. 


Solving problems 


On “story-problem day,’ one pupil 
makes up a problem and another repeats 
it, gives the answer, and completes the 
number story by pointing out the number 
of symbols on the runner. Example of the 
second child’s response to a made-up 
problem: “If you had 5 suckers in this 
hand and 2 in this hand, you would have 7 
suckers, because 5 and 2 are 7”; and he 
shows 5 symbols with one hand and 2 
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more with the other on the runner, to 
make 7 in all (Fig. 6). He understands the 
problem, he says it, he proves it, he 
visualizes it, he knows it, and he retains it. 

One day each week (Friday in my room) 
can be used profitably for oral story prob- 
lems. It provides the teacher an excellent 
opportunity to learn which of her pupils 
are adept in making and solving problems. 
Children frequently make advanced 2- 
step problems that the teacher must help 
them to answer in two separate state- 
ments. Example: (Problem) “If I had 10¢ 
in this hand and 5¢ in this hand, and I 
spent 2¢, how many would I have left?” 
(Answer) “If you had 10¢ in this hand and 
5¢ in this hand, you would have 15¢ be- 
cause 10 and 5 are 15; and if you spent 
2¢, you would have 13¢ left because 15 
take away 2 is 13.’’ The pupil shows the 
two steps on the runner as he repeats the 
problem and solves it orally. This lesson 
may be varied by having the child who 
states the problem call on another child to 
answer it, or by having the teacher call on 
someone to do so. The latter method de- 
mands greater concentration by every 
pupil since no one knows who will be called 
upon for the solution. 

During the spring months of the term, 
it is possible to write long problems on the 
blackboard, involving addition and sub- 
traction using the small digits and the 
10’s, and the children will be able to rea- 
son them out readily. The introductory 
portion may even include fractional divi- 
sion. Example: $ of 10+3+1+10—2—-—10, 
etc. This exercise also may be done orally. 

As I have experienced it, the use of a 
number runner develops interest and pleas- 
ure in number exercises, as well as a 
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mastery of number concept in all pupils, 
regardless of their number I.Q. at the out- 
set of the term. We play at numbers all 
year. The writing of number figures and 
number problems is an easy step after 
mental development of visual number 
sense. I use the workbooks as a secondary 
phase in teaching numbers in the first 
grade. A wall runner and a set of ten card- 
board squares in an envelope for each 
child, to show the number facts in addi- 
tion and subtraction on his desk, are suf- 
ficient equipment to develop amazing 
arithmetic skill in the first grade. Of 
course, this does not eliminate the meas- 
uring and other phases of number work, 
which take other equipment. 

In his article “You Asked About 
Arithmetic” in the October, 1959 Grade 
Teacher, Dr. Ben A. Sueltz states: ‘There 
is no exact agreement as to how much 
arithmetic we should have in Grade One, 
but we do agree that there should be a con- 
siderable amount, and that it should not 
be rote memorization. It should be an 
arithmetic of thinking, discovery, and 
learning.”’ It appears to me, that the 
number runner is an ideal device for carry- 
ing out Dr. Sueltz’s suggestion. 

The principal values of the number run- 
ner in the intermediate grades, where it 
may be displayed in a suitable place above 
manual reach, are threefold: (1) It pro- 
vides a ready number reference for a 
quick glance by pupils while they are 
working arithmetic problems at their 
desks, much as a clock or calendar are re- 
ferred to in checking the time of the day or 
month. (2) It is an aid and a timesaver for 
the slow learner in arithmetic who has not 
mastered number facts automatically and 
who must continue to reason them out 
visually. In other words, the runner serves 
as a number dictionary of ‘“‘glance access,” 
lending support to the insecure and slow 
pupil, who must think through number 
processes and outcomes. (3) It serves as 
an excellent ready device for utilization 
during supervised arithmetic instruction 
in new number developments. 
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The peg board—a useful aid 
in teaching mathematics 


ALAN A. FISHER Mt. Tabor School, Portland, Oregon 


A peg board* is an excellent arithmetic 
teaching aid. It will assist the teacher in 
presenting new concepts and help the stu- 
dents visualize these ideas in a concrete 
form. It is useful at any elementary level 
and is helpful in making algebra and geom- 
etry understandable. (Fig. 1) 








Figure 1 


How to use it 


Perimeter and area 


Colored rubber bands slipped over the 
pegs make an attractive teaching aid in 
presenting areas and perimeters of rec- 
tangles, squares, parallelograms and tri- 
angles. An arrangement like Figure 2 can 
lead to discussions, such as: “What a 


* The peg board may be made by gluing wood dowels cut 
into one-inch lengths in the holes of the Masonite peg board, 
leaving two-inch spaces between pegs. The material can be 
purchased at any building-supply store or lumberyard. The 
size of the board may vary, but a 2 by 3 foot size with 144 pegs 
has proved satisfactory for me. Most 100 boards have 10 rows 
with 10 pegs each but many times a larger number of pegs are 
needed, and those pegs not in use can be separated by rubber 
bands. A white background sets off any display which is ar- 
ranged on the pegs, so that the display can be seen from any 
part of the classroom. 


186 


square looks like,” “Can any smaller 
squares be made by using more rubber 
bands and the same four pegs?” (Fig. 3) 
“How many triangles can be formed?” 
“What a right triangle is and how to de- 
termine its area.’’ The perimeter may be 
measured with a dressmaker’s cloth tape 
and the area determined in square inches. 
Bisecting angles look similar to Figure 4. 
The distances AB, BC, CD, and AD are 
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Figure 2 


Figure 3 








A 


Figure 4 
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equal, which shows that the figure is a 
square. It may also be observed that the 
diagonals bisect the angles. 


Place value and hundred board 


The board can be used in developing 
the idea of grouping by tens and place 
value. One-inch wooden beads or blocks 
with holes large enough to slip over the 
pegs will help with the explanation. Start 
with the basic idea of how many blocks 
can be put on the first row, giving the idea 
of ten. If two rows are completed, we have 
twenty, etc. This material can also be used 
to represent parts of one hundred, to pre- 
sent per cents greater than one hundred, 
and also amounts less than 1 per cent, if 
washers are slipped over one peg. 


Commutative law for multiplication 


The commutative law for multiplication 
can be demonstrated by placing the blocks 
over the pegs in this design. 


After this is done, ask the students if the 
answer will be the same by multiplying 
three times four or rotating the board a 
quarter turn and showing four times three. 


The law of compensation, or the idea of 
inverse variation, can be demonstrated 


Figure 5 
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very effectively, too. Start the discussion 
by using the chalkboard to present 
6X4=24, (6+2) X(2*4)=24, or (2X6) 
X (4+2) =24. Using any of the combina- 
tions, the answer will be 24. Then dem- 
onstrate on the peg board with the aid of 
rubber bands. One may present the prob- 
lem, ‘““How could we change the dimen- 
sions of a fence and still have the same 
area?”’ (Fig. 5) 


Squares of numbers 


To represent squares of numbers, place 
beads on the pegs to form squares, four 
beads thus 


will represent 3?. This can continue, being 
limited only by the size of the board, pos- 
sibly 10? or 12?. 


Equal ratios 


Equal ratios are made more interesting 
by using beads to show all of one ratio and 
only half of the proportionate ratio on the 
adjoining pegs. Students can complete 
the ratio. See Figure 6. 
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Figure 6 








Co-ordinate axes 

In the selection of quadrants in teaching 
graphing with co-ordinate axes, it is help- 
ful to start with a number line locating the 
positive and negative values on the hori- 
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Figure 7 


zontal axis. This fixes in the student’s 
mind the idea as to which direction to 
count for the value of z, or the first of the 
ordered pair. Then, work with the vertical 
axis may be begun in order to give the 
students practice in placing the value of 
the second of the ordered pair, or y co- 
ordinate. When graphing, the position of 


the rubber bands can be adjusted to suit 
the demonstration. (Fig. 7) 


Degrees in a polygon 


The formula 180° (n—2) is used in de- 
termining the total number of degrees of 
the interior angles in any polygon and can 
be made clear by starting with the concept 
of 180° in a triangle. Students will enjoy 
forming as many triangles as possible by 
stretching rubber bands from one point to 
all other points or pegs in the polygon’s 
perimeter. Interest will be high when they 
discover that the number of triangles 
formed is always two less than the number 
of sides of the polygon. 

As teachers use the peg board, they un- 
doubtedly will see many other uses for 
this device in representing mathematical 
ideas. 
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In the classroom | Edwina Deans 





Arithmetic in science 
and social studies 


D.. W. A. Brownell, speaking at the 
Conference on Elementary School Math- 
ematics sponsored by the School Mathe- 
matics Study Group held in Chicago, 1959, 
suggested that “We can go too far if 
concern for the mathematics of arithmetic 
leads us to disregard other considerations 
in working out the program. Whatever the 
mathematical content selected and what- 
ever the sequence of learning experiences 
decided upon, we must be sure that we do 
not exceed the ability of children to learn 
with understanding and with profit to 
themselves; nor can we afford to forget 
that the ultimate purpose of arithmetic in 
the schools is not solely the preparation of 
mathematicians (though more and better 
mathematicians should be produced), but 
more efficient, more intelligent, and richer 
and happier lives for all who are subjected 
to arithmetic instruction.” Arithmetic can 
make a contribution toward achieving this 
ultimate purpose by increasing the chil- 
dren’s understanding of science and social 
studies. The development of many im- 
portant concepts in these two fundamental 
areas of the elementary school is depend- 
ent upon understandings gained in arith- 
metic. 

The two science activities which follow 
were developed by the Elementary School 
Science-Math Project Committee, Arling- 
ton County Public Schools, during 1959- 
60. Acknowledgement is made to Mrs. 
Jean Sheldon, Helping Teacher for Science, 
Arlington County Schools, and to the fol- 
lowing committee members: 
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Tuckahoe School Staff 


Miss Gertrude Smith, Principal 
Mrs. Kathleen Marshall, Grade 4 
Mrs. Dorothy Arnold, Grade 6 
Mrs. Irene Sarris, Grade 2 

Mrs. Helen Marmarosh, Grade 2 
Mrs. Joan Deardorff, Grade 2 


Science Advisory Committee 


Francis J. Heydon, §S. J. 

Mr. Waldo E. Smith 

Mr. Alexander B. Costea, Jr., TV Science 
Teacher for the Greater Washington 
Educational Television Association. 

Professor Ellis Haworth 

Mr. Harry Polacheck 


Measuring evaporation of water, 
a primary-grade activity 


Concepts 


Evaporation occurs more rapidly at 
some times than at others. A finger meas- 
ure can be used to measure the amount of 
evaporation day by day. The amount of 
evaporation may be found by subtracting. 


Activities 
1. Fill 4 to 6 glasses with water. 
2. Observe daily over a two-week period. 
3. Measure the loss of water day by day 


and compare the total loss with the 
original amount. 
4. Determine loss by subtraction. 
a. Measure by fingers the amount of 
water in each jar from bottom up. 


189 








Table 1 








Weights 
Object Dry weight Wet weight ued — of Specific gravity 
ght in water 
rock 50 gr. 30 gr. 50 g.—30 g.=20 g. 50 g. 
ut Ss 
20 g. sid 


(Loss is measured by applying 
finger-wide measure. Use _ index 
finger each time.) 

b. Keep daily record. 


Mon. Tues. Wed. Thurs. Fri. 
12 11 g 8 8 
—] —2 —| —0 —1] 
11 g s 8 7 


c. Make all measurements at the same 
time each day and to the nearest 
whole number. 

d. Help children see the relationship 
between the kind of weather and the 
amount of evaporation. 


Determining specific gravity, 
an intermediate-grade activity 


Concepts 


Specific gravity is the number of times 
a substance is as heavy as an equal volume 
of water. The loss of weight of a solid im- 
mersed in water is equal to the weight of a 
volume of water equal to the volume of a 
solid being weighed. 


Activities 


A. Help children build the above con- 
cepts by carrying out the following 
demonstration: 

1. Weigh a rock. 

2. Immerse the rock in a full glass of 
water and catch the water that 
overflows. 

3. Weigh the ‘“overflow.”’ 


B. Then: 
1. Immerse the rock in water, weigh- 
ing it with a spring scale. 
2. Weigh the rock in air. 
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3. Subtract the weight in water from 
the weight in air. The result ob- 
tained should equal the weight of 
the “‘overflow” in A-3 above. 

C. Make a table of dry weights, wet 
weights, and specific gravity for each 
object (see Table 1). 

1. Record name of object. 

2. Weigh the object in air. Record 
dry weight. 

3. Immerse object in water. Record 
wet weight. 

4. Determine loss in weight and re- 
cord. 

dry weight 
5. Divide -———— to 
loss of weight in water 
find specific gravity. 


Large numbers in social studies 


Thanks to Miss Connie Brucken, fifth- 
grade teacher, Highland Park School, 
Fort Dodge, Iowa, and to the consultant 
for the Rapid Learner Program, Miss 
Gladys Grimjes, for the following experi- 
ence with using large numbers in social 
studies: 

This was a lesson in correlating numbers and 
social studies. Each child takes the Young Citi- 
zen and News Times, weekly publications for 
elementary grades. The study of large numbers 
led into the study and making of graphs and 
map locations of the ten largest cities in the 
United States. This interesting topic made an 
attractive bulletin board. 


Egyptian numerals 

As children study Egypt they will find 
it interesting to learn about the number 
system used by the early Egyptians. Ac- 
tivities may include: 


1. Writing names of numbers using 


Egyptian symbols 
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STROKE / =| 

HEEL BONE 1 =10 

COILED ROPE @ = 100 

LOTUS FLOWER © = 1000 

BENT REED/— = 10,000 

FISH <> =100,000 
ASTONISHED MAN {f=1,000,000 











2. Reading names of numbers written by 


other children 

3. Analyzing differences between our Hin- 
du-Arabie system of numeration and 
the Egyptian numeration system. 


Using data from social studies 


Tabulated social studies data can be 
used to solve problems which will help 
children appreciate concepts of sizes, dis- 
tances, heights, etc. For example, de- 
termining difference between pairs of num- 
bers in Table 2 will help children appre- 
ciate how the Panama Canal shortened the 
travel distance from one city to another. 
As children use source materials, there are 
many opportunities for them to organize 
and arrange data in order to clarify ideas. 








For instance, they learn that if all the 
people in the world were evenly divided 
there would be about 42 people per square 


mile. Further study reveals vast dif- 
ferences in the number of people per 
square mile in different parts of the 
world. Alaska has an average of only one 
person for each 10 square miles, while 
Java has an average of about 1,000 people 
per square mile. Next, they find data on 
the number of square miles of the con- 
tinents and the total number of people for 
each continent. By arranging these data 
in tabular form (see Table 3), they can es- 
timate the average number of people per 
square mile and then compute to find the 
average number per square mile. Study of 
the results will give children an apprecia- 
tion of the differences. Children might fol- 
low up such a study by determining like 
differences for cities or states within our 
own country. 





Average no. people 


a : 
Population per sq. mi. 





Table 2 
Miles Miles 
Pr r around through 
—_ - South Panama 
America Canal 
New York San Francisco 15,348 6,059 
Honolulu New Orleans 15,942 7,051 
Seattle Liverpool 16,806 10,014 
New York Manila 19,530 11,585 
New Orleans San Francisco 13,644 4,698 
Table 3 
; No. of 
Continent 7 
sq. miles 
Asia 16,793 ,000 
Kurope 3,762,000 
North America 9,375,000 
Africa 11,600,000 
South America 6,846,000 
Australia 2,975,000 
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1,314,000 ,000 
533 ,000 ,000 
213 ,000 ,000 
198 ,000 ,000 
108 ,000 ,000 

8,250,000 


OV vw ww 
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Experimental projects and research 


J. Fred Weaver 








The Greater Cleveland 
Mathematics Program 


B. H. GUNDLACH 


Bowling Green State University, Bowling Green, Ohio 


Editor’s note 


There is much current interest in The 
Greater Cleveland Mathematics Program 
(G.C.M.P.). This interest relates to the 
mathematical content of the Program, to 
its plan of in-service education, and to its 
organizational structure, procedures and 
financial support. Readers of THe ArITH- 
METIC TEACHER will welcome _ this 
G.C.M.P. report from Professor Gund- 
lach, Chief Consultant to the Program. 
(J.F.W.) 


The G.C.M.P. attempts to lead its stu- 
dents to the challenging and exciting 
phases of mathematics-in-the-making by 
having them rediscover the fundamental 
patterns and by having them re-create the 
basic symbolism, thus making the learning 
of mathematics to a large extent self- 
motivating. Problem situations are pre- 
sented to students as if they had not been 
explored already by the great geniuses of 
the past and present. These situations are 
presented in such a manner that pattern 
discovery has a good chance of taking 
place almost spontaneously; then students 
are guided to a point where the established 
symbolism for the rediscovered pattern 
seems almost a necessity. It is hoped that 
students will come away with the feeling 
that they, for themselves, have seen the 
relations, invented the symbols, put them 
together in meaningful sentences, and, in 
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general, have had a genuine part in making 
this or that piece of mathematics. 

This takes wise guidance by the teacher. 
Such guidance requires that the teacher 
know the piece of mathematics thoroughly 
from beginning to end, and more, that he 
or she have a fair appreciation of how and 
where a particular piece fits into the large, 
continuous whole which is mathematics. 

A most serious problem was, and still is, 
to provide a sufficient number of teachers 
with the background necessary to create 
such challenging and exciting classroom 
situations. In addition to being a good 
teacher, this requires substantial subject- 
matter mastery, considerably more, in 
most cases, than at least most elementary 
teachers are given during their college 
preparation. Thus the first task of the 
G.C.M.P. has been to establish a large, 
well-organized in-service teacher-training 
program. 


The G.C.M.P. In-Service Program 


Three chief instructional means and a 
number of minor assists were used to im- 
plement the in-service program: 


1. Regularly scheduled lectures by profes- 
sional mathematicians and mathemat- 
ics educators 

2. Printed materials with which to pre- 
pare for and to follow the lectures, sup- 
plemented from time to time by sets of 
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classroom suggestions and ‘enrichment 
materials”’ 

3. A series of instructional TV programs 
(a daily half-hour) offered as a public 
service by Cleveland’s KYW-TYV, 
Channel 3, in co-operation with the 
Educational Research Council 
Among the many auxiliary instruction 

measures were: classroom demon- 
strations with children; slide tape 
programs on special topics and ap- 
proaches; and public-relation presen- 
tations to all the P.T.A.’s of the par- 
ticipating schools. 


The lectures are designed for one or two 
grade-levels at a time. They are held in 
several centers in the suburban districts of 
Cleveland, so that no teacher will have to 
travel an unduly large distance to reach 
them. The recognition given the teachers 
for regular attendance varies from one 
school district to another. Released time 
and/or credit points on the salary scale of 
the system are commonly used. 

The printed materials go through three 
general stages: 


1. In the first year they consist merely of 
lithographed lecture notes and class- 
room suggestions. 


bo 


In the second year they are transformed 
into teachers’ guides and sets of pupils’ 
exercises, prepared and written by 
teams of writers selected from the pro- 
gram’s large number of enthusiastic 
teachers. writing teams are 
guided by the council’s experts, and the 
considerable consultant resources of 
the council are available to them. 

3. In the third year they should be ready 
as a permanent, hard-cover, textbook 
series. 


These 


The over-all program is organized with 
a staggered structure, calculated to ex- 
pand gradually, over a period of 5 or 6 
years, from kindergarten through the 
12th grade. 

During the initial training period, while 
one group of teachers is being instructed 
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for the first time, no immediate classroom 
implementation is advocated. Only after 
the instruction has reached a relative con- 
clusion for that particular level, and after 
the teachers have become well-acquainted 
with materials and approaches, are they 
encouraged to present these materials to 
their students and to make use of the 
“new” approaches. In general, the first 
semester of each school year is given to the 
in-service program, while the second se- 
mester is dedicated primarily to class- 
room implementation. 

For the implementation phase at every 
level, the program provides a number of 
specially trained fieldmen who are on 
call for any emergency that might arise 
in any of the classrooms. 

The TV programs serve as an addi- 
tional means to help with the implementa- 
tion of materials and teaching approaches 
by suggesting definite teaching procedures 
and presentations of materials. 

The in-service program as a whole is 
being critically examined through a con- 
tinuous process of evaluation that is be- 
ing carried out in the various classrooms 
of the participating schools. This process 
helps to direct the over-all program in 
such a manner that weak points can be 
spotted rapidly and remedial measures or 
changes be implemented with a minimum 
of delay. 


The mathematical content 

Arithmetic is treated as a fundamental 
part of mathematics, not as a mere collec- 
tion of “facts,” ‘‘algorisms,” and ‘‘formu- 
lae.”’ Since arithmetic zs a portion, and a 
very essential one at that, of mathe- 
matics, it is deeply concerned with ‘‘mak- 
ing proof.” For example, why does 3+5 
=5+3, while 3—5+5-—3? What is there 
in the very depth, at the very beginning 
of our number system, that ascribes this 
important property to addition but with- 
holds it from subtraction? A study of 
commutativity is undertaken. Again, why 
is 7X17 equal to 119? Why does the com- 
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mon stereotype algorism of written multi- 
plication work? In examining it closely 
and carefully, it is found that it is regu- 
lated by the distributive and associative 
properties of multiplication and addition 
together with the basic concept known as 
place value. Does the symbol ‘123” 
always mean “one hundred _ twenty- 
three’’? If it does, why does it? If it does 
not, how would its value be determined 
in every case? Answers to these and many 
related questions are discovered in a 
study of numeration systems where it is 
learned that our ordinary base-ten arith- 
metic is neither the only possible nor is 
it necessarily the most convenient arith- 
metic. Children learn to select the most 
suitable arithmetic for any given purpose 
and, at the same time, gain unsuspected 
insights into the inner workings of our 
own arithmetic, which most of us take 
for granted. 

Why, for example, is the sum of two 
odd numbers always even, while their 
product is always odd? What does “al- 
ways” mean in such statements? We find 
a surprisingly simple answer in proof. Even 
within the narrow confines of our familiar 
base-ten arithmetic, strange and bewil- 
dering situations arise from time to time. 
In the classic approach we avoided such 
problems or treated them as nonexistent 
or as “forbidden.” In the modern approach 
they are sought out and solved. Is it true, 
for example, that the sum of five and 
seven could be ten instead of twelve? It is 
true. For example, five children in this 
class wear pull-overs, and seven children 
wear glasses. Yet when all the children 
who wear glasses and/or pull-overs are 
asked to stand, only ten children rise. 
How could that be? And what does this 
“and/or” stand for? 

The answer to this and numerous sim- 
ilar questions lies in the idea of sets, intro- 
duced in extremely simple and pictorial 
language. 

Set language helps in several other 
ways. One of our greatest preoccupations 
in elementary arithmetic is teaching the 
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children a sound concept of number. What 
is number? Is “3” a number? Is “III”’ also 
a number? And where does the word 
“three” come in? To clarify situations of 
this nature, we study a few very simple 
sets. Set language helps small children to 
distinguish clearly between numerals and 
numbers, a distinction without which 
arithmetic would soon become hopelessly 
confusing. 

In all of these considerations of arith- 
metical nature there is concern for form 
and value. Any arithmetical value (or 
number) can have many different forms. 
The number 5, for example, could be ex- 
pressed as 2+3, or 9—4, or 4X10, or 
20—4, or 1/25, and in many other forms 
all having the same value 5. 

In the traditional approach the concept 
of value and its familiar “How many?” 
question have been emphasized almost to 
the complete exclusion of the equally im- 
portant concept of form. In this program 
an effort is made to strike a sound balance 
between these two basic concepts of math- 
ematics by learning to make changes of 
form (transformations) when the values 
remain equal (equivalence), and by be- 
coming concerned with changes of values 
when the forms remain unchanged. This 
much attention is given to the basic prop- 
erties of form and structure. 

As the term “form”’ implies, with the 
form concept we stand on the threshold 
of creative activity in arithmetic. To pre- 
sent one very small example: Have you 
ever considered the many different forms, 
all made with four 3’s (no more and no 
less), in which one can write, for example, 
the first ten natural numbers? You will 
ask what the purpose of this sort of work 
is. Simple. Why not try, for example, to 
have children write all natural numbers 
from 1 to 100 with four 3’s, all natural 
numbers from 11 to 100 with four 3’s! It 
is fun; it is also good mathematics. It is 
this combination of ingredients which 
counts. New symbolic forms and new 
operations can be introduced easily in 
this manner and will provide the children 
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with a real opportunity to exercise their 
creative imagination. 


The number Forms used 





33 place value notation 
1 =— and division 
33 
3 3 
2=-+- division and addition 
3 3 


3=3X3—(3+3) 


multiplication, sub- 
traction, addition, 
parentheses 


Children learn that any genuine piece 
of arithmetic is constructed from three 
basic components: 


1. Numerals (like 0, 1, 2, 3, - - -) 
2. Operations (like +, —, X, +,:--) 
3. Relations (like =, #, <, >,:--) 


They also learn early to write their 
verbal questions and statements in ac- 
ceptable mathematical form, using ‘‘place- 
holder equations” or “open sentences.” 

Writing equations as translations of 
verbal statements into the language of 
mathematics helps students with the solu- 
tion of word problems. They now can at- 


tack such problems in a much more system- 
atic manner than was hitherto possible. 

The form concepts of elementary math- 
ematics likewise find a strong expression 
in the approach used to elementary con- 
struction geometry (straightedge and com- 
pass). This is initiated late in the first 
grade and carried through in continuous 
fashion to the more sophisticated level of 
formal geometry. Again, the language of 
sets is extremely helpful in building sound 
geometric concepts on the levels of in- 
formal nonmetric geometry. 


Observations 


Through tasks such as those and many 
others the children strongly experience 
the gradual emergence of elementary 
mathematics as a well-structured system, 
in which everything has its meaningful 
place and is related to the whole in a well- 
determined manner. It is surprising to see 
how comfortably children can be made to 
feel at home in such a system. 

Discovery, challenge, and use of crea- 
tive imagination are the true hallmarks 
of the G.C.M.P. approach. Having created 
this attitude of open-minded and joyful 
acceptance of mathematics, there seems 
almost nothing that children are not will- 
ing and able to learn. 








“Tt is hardly necessary to say that the old 
expressions, ‘borrow’ and ‘carry,’ in subtraction 
and addition are rapidly going out of use; they 
were necessary in the old days of arbitrary 
rules, but they have no advocates of any prom- 
inence to-day.’’—D. E. Smiru, The Teaching of 
Elementary Mathematics, 1901. 
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Reviews | Clarence Ethel Hardgrove 





Books and materials 


The Story of Mathematics: Geometry for 
the Young Scientist, Hy Ruchlis and 
Jack Engelhardt. Irvington-on-Hud- 
son: Harvey House, 1958. Cloth, 148 
pp., $2.95. 


Plane and solid geometry may provide 
a fascinating study of designs and pat- 
terns. However, many persons who study 
these subjects are not aware of the exten- 
sive use of designs in nature, or the many 
industrial uses of the mathematics of 
form. The usual method is that of teach- 
ing for transfer to the areas of natural sci- 
ence and industry after the subjects them- 
selves have been studied. A second ap- 
proach is that of pointing out the many 
practical uses, then teaching them as sub- 
ject matter. It is this second approach 
which has been used in The Story of Mathe- 
matics. The reader is led to feel the tre- 
mendous impact of the mathematics of 
form in the world around him; then the 
mathematics of spheres, rectangular sol- 
ids, cylinders, lines, angles, circles, and 
polygons is presented in a very interesting 
manner with many excellent illustrations. 

The primary emphasis is upon planes 
and solids; however, some attention is 
given to problem-solving by the use of 
both arithmetic and algebra. It is pointed 
out that mathematics is a very useful 
tool in solving unusual and difficult, yet 
practical, problems in many areas, in- 
cluding carpentry, navigation, and space 
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travel. Brief emphasis is placed upon 
mathematical games and puzzles, and 
four rather interesting problems and 
their solutions serve to illustrate the 
practical use of mathematics. A short list 
of other books which present a similar 
approach to mathematics is given. 

Both the style of presentation and the 
vocabulary make this book somewhat be- 
yond the level of the elementary-school 
child. Children likely would enjoy the 
outstanding illustrations, but most of the 
reading would be difficult for the average 
child of twelve years of age. The most 
effective use of the book with elementary- 
school pupils would include the close 
guidance of an adult. Pupils of junior- 
high-school level and above will gain 
much from individual use of the book, 
and it should prove most beneficial for 
talented pupils at all levels. It provides 
teachers with the unusual resource of 
many attractive and useful designs and 
patterns, which are an integral part of 
plane and solid geometry. 

Teachers and pupils need to strengthen 
their understandings and appreciations 
of the many practical aspects of mathe- 
matics. The Story of Mathematics is an 
excellent resource for moving toward this 
goal. 


LONIE RUDD 
Tufts University 
Medford, Massachusetts 
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More about 1960-1961 committees 


‘Te following omissions were made in 
giving the list of names of persons ap- 
pointed to NCTM 1960-1961 Committees 
and Representatives (February, 1961 is- 
sue). We wish to correct our mistakes. 


Executive Committee 


Phillip S. Jones, ex officio, Ann Arbor, 
Mich., Chairman 

Myrl H. Ahrendt, ex officio, Washing- 
ton, D.C. 


Editorial Committee, 27th Yearbook (Tal- 
ented) 


Vincent J. Glennon, Syracuse, N.Y. 


Membership Committee 


Mary C. Rogers, Westfield, N.J., Chair- 
man 

Pearl Bond, Beaumont, Tex. 

Janet Height, Wakefield, Mass. 

Harold J. Hunt, Seattle, Wash. 

Faith Novinger, Washington, D.C. 

Lucille Houston, Racine, Wis. 

Florence Ingham, Bartlesville, Okla. 


ROCM Project 


Frank Allen, LaGrange, Ill., Director 


Kindly regard these as a part of the re- 
port appearing in the February issue of 
THE ARITHMETIC TEACHER. 


E. Glenadine Gibb 
EpIToR 


Steering Committee 


Max Beberman, Urbana, IIl. 

E. G. Begle, New Haven, Conn. 
Kenneth Brown, Washington, D.C. 
Edwin C. Douglas, Watertown, Conn. 
Phillip S. Jones, Ann Arbor, Mich. 
John R. Mayor, Washington, D.C. 
Philip Peak, Bloomington, Ind. 

G. Baley Price, Washington, D.C. 
Mina Rees, New York, N.Y. 

H. Van Engen, Madison, Wis. 


Regional Directors 


M. Albert Linton, Philadelphia, Pa. 
H. Vernon Price, Iowa City, Iowa 
H. Mack Huie, Atlanta, Ga. 
William Matson, Portland, Ore. 
Clifford Bell, Los Angeles, Calif. 
Marjorie French, Topeka, Kan. 
Agnes Rickey, Miami, Fla. 

Mildred Keiffer, Cincinnati, Ohio 





Professional dates 


The information below gives the name, date, 
and place of meeting with the name and address 
of the person to whom you may write for further 
information. For information about other meet- 
ings, see the previous issues of THE ARITHMETIC 
TeacuHerR. Announcements for this column 
should be sent at least ten weeks early to the 
Executive Secretary, National Council of 
Teachers of Mathematics, 1201 Sixteenth 
Street, N.W., Washington 6, D.C. 
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NCTM convention dates 


Joint Meeting with NEA 

June 28, 1961 

Atlantic City, New Jersey 

M. H. Ahrendt, 1201 Sixteenth Street, N.W., 
Washington 6, D.C. 


(For other meeting dates, see page 198.) 








Twenty-first Summer Meeting 


August 21-23, 1961 

University of Toronto, Toronto, Canada 

Father John C. Egsgard, C.S.B., St. Michael’s 
College School, 1515 Bathurst Street, To- 
ronto 10, Canada 


Fortieth Annual Meeting 


April 15-18, 1962 

Jack Tar Hotel, San Francisco, California 

Kenneth C. Skeen, 3355 Cowell Road, Concord, 
California 


Other professional dates 


Illinois Council of Teachers of Mathematics 


April 22, 1961 

Illinois State Normal University, Normal, IIli- 
nois 

April 29, 1961 

Sterling Township High School, Sterling, Illinois 

T. E. Rine, Illinois State Normal University, 
Normal, Illinois 


The Greater Cleveland Council of Teachers 
of Mathematics 


April 18, 1961 
Bedford High School, Bedford, Ohio 


Bessie Kisner, Strongsville High School, 
Strongsville, Ohio 


Men’s Mathematics Club of Chicagoand Metro- 
politan Area 
April 21, 1961 
YMCA Hotel, 826 South Wabash Avenue, Chi- 
cago, Illinois 
Vernon R. Kent, 1510 South Sixth Avenue, 
Maywood, Illinois 
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California Mathematics Council 


April 28-20, 1961 

Santa Monica, California 

Miss Mary Lou Hood, 3414 North Eckart, 
South San Gabriel, California 


Pennsylvania Council of Teachers of 
Mathematics 


April 29, 1961 

Clarion State College, Clarion, Pennsylvania 

Earl F. Myers, 322 13th Avenue, New Brighton, 
Pennsylvania 


Association of Mathematics Teachers 
of New York State 


May 5-6, 1961 

Hotel Syracuse, Syracuse, New York 

Edward E. Sherley, Mt. Pleasant High School, 
Schenectady 3, New York 


Michigan Council of Teachers of Mathematics 


May 5-7, 1961 

M. E. S. Camp, Saint Mary’s Lake, 
Creek, Michigan 

Mrs. Marjorie Pickering, 5198 Coldspring, Bir- 
mingham, Michigan 


Jattle 


Chicago Elementary Teachers Mathematics 


Club 


May 8, 1961 

Toffenetti’s Restaurant, 65 West Monroe Street, 
Chicago, Illinois 

Mildred C. Rogers, Warren Elementary School, 
9210 South Chappel Avenue, Chicago 17 


Men’s Mathematics Club of Chicago and 
Metropolitan Area 
May 19, 1961 
YMCA Hotel, 826 S. Wabash Ave., Chicago 
Vernon R. Kent, 1510 South Sixth Avenue, 
Maywood, Illinois 
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Through § Arithmetic 


(Grades 3-6) 
teachers have new ways of helping children see through 
concepts computation problem solving 


Here are three examples. 


3 is sometimes a name for 
3 ones. 3 is sometimes a 
name for 3 tens. The 

Tens | Ones 


at i meaning of 33 depends on 
the principle of place 
000 3| 3 value in our base-ten 





























33 numeration system. 
By including the zero in 72 
the second partial product, _46 <— Think of 46 as 40 and 6. 
it’s easy for pupils to see 432 <— Number in 6 groups of 72. 
that 3312 is the sum of 2880 <— Number in 40 groups of 72. 
432 and 2880. 3312 <— Number in 46 groups of 72. 


The speed of sound is about 1100 feet per second. In about how many seconds will 
sound travel 5500 feet? 








1100 _ 5500 A ratio equation describes 
P=. ae the problem situation in 
: + mathematical language. Then: 
[100 5500 5500 is 5 & 1100. 





l 5 <—Son must be 5 X I. 


Sound travels 5500 feet in about 5 seconds. 


Free on request: 48-page booklet of sample lessons. Ask for #490. 


SCOTT, FORESMAN AND COMPANY 


Chicago 11 ° Atlanta 5 ° Dallas 2 + Palo Alto ° Fair Lawn, N.J. 


Please mention the ARITHMETIC TEACHER when answering advertisements 








THE complete mathematics program 
for grades 1-8 

from the publishers 

of superior mathematics programs 
for grade school 


through NUMBERS WE NEED 
For grades 1 and 2—a real beginning program in 
graduate arithmetic by Brownell and Weaver. A Primer, 
Book One, and Book Two (write-in texts) offer 
school concrete number experiences in settings of true 


interest to children. Practical manuals reproduce 
children's texts in color and provide complete 
lesson presentations. 


ARITHMETIC WE NEED, ENLARGED (1961) 
For grades 3 through 8—unusually understand- 
able books by Buswell, Brownell, and Sauble 
which show pupils the sense and usefulness of 
arithmetic; helpful workbooks; tests; and compre- 
hensive teachers’ manuals with reproductions of 
all text pages and answers to problems. 


THE GINN ARITHMETIC ENRICHMENT 
PROGRAM 

For grades 4, 5, and 6—three new write-in texts 
by Marks, Smart, Brownell, and Sauble—E£xplor- 
ing Mathematical Ideas, Enlarging Mathematical 
Ideas, Extending Mathematical Ideas. Many 
thought-provoking problems extend basic ma- 
terials and provide experiences in modern mathe- 
matics. 


For grades 7 and 8—Number Principles and Pat- 
terns by Archer and Geometry, Discovery by 
Drawing and Measurement by Bentley and Potts. 


GINN NUMBER CARDS 
GINN ARITHME-STICKS 


Write for our latest circular (3226) describing 
this entire program. 


Home Office: Boston 


Sales Offices: New York 11 Chicago 6 





Atlanta 3 Dallas 1 Palo Alto Toronto 16 
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BESELER 
VU-GRAPH 


The Right -tJoud: 
of Tenching 


Operated from the front of a fully 
lighted room the Vu Graph is a teach- 
er’s “electric blackboard.” Facing the 
class at all times, the teacher pro- 
jects what he writes, as he writes 
it. A new word appears on the screen 
the instant he says it... step by 
step a problem is solved before the 
eyes of the entire class as he ex- 
plains it. Almost without effort the 
Vu Graph becomes his “right hand of 
teaching.” 

To learn about the specific benefits 
of Vu Graph Overhead Projectors for 
your school write for a free, “no 
obligation” demonstration... or “Vu 
Graph As An Instructional Aid,” a 
free, informative booklet written for 
teachers by teachers. 


la > ) 
| 


CHARLES BESELER COMPANY 
, 232 So 18th St East Orange, New Jersey 


































PROJECTION 
DIVISION 
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INSTRUCTION IN 
ARITHMETIC 


25th Yearbook of the 
NCTM 


Clarifies and develops ideas presented in the 10th and 16th NCTM yearbooks. 


A must for your professional library. 


Presents: 
The cultural value, nature, and structure of arithmetic. 
Factors affecting learning in arithmetic. 
Modern mathematics and its impact on arithmetic. 
The training of teachers of arithmetic. 
Summary of investigations and research. 
CONTENTS 
1. Introduction 8. Mental Hygiene and Arithmetic 
2. Arithmetic in Today’s Culture 9. Reading in Arithmetic 
3. Structuring Arithmetic 10. Instructional Materials 
4. Guiding the Learner to Discover and 11. Definitions in Arithmetic 
Generalize 12. Modern Mathematics and School 
5. Arithmetic in Kindergarten and Grades Arithmetic 
Land 2 13. Background Mathematics for Elemen- 
6. Individual Differences tary teachers 
7. Guidance and Counseling 14. Selected Annotated Bibliography 


374 pp. $4.50 ($3.50 to members of the Council) 


Postpaid if you send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 
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SUUNUUAUUDUUL LAUTAN DAU UEEU EAA OAT EATEN 


To clarify beginning 


mathematical concepts... 


‘Mathematics for Primary Grades”’ 
8 Color Filmstrips 


Familiar, everyday situations and simple explana- 
tions help young children learn how counting began 
...how to make mathematical comparisons... 
how to recognize number groups... number mean- 


ing... basic understandings about measurement. 
1. The Story of 5. The Meaning of Numbers 
Numbers 1 through 10 


2. Comparing Sizes 6. What One Half Means 
3. Matching Numbers 7. Measuring How Long 
4. Grouping Numbers 8. Measuring How Much 


Qualified for purchase under NDEA Title III 
Complete series ..... $42.00 
Individual filmstrips .. 5.75 
; dh 
7 2821 East Grand Boulevard 
Detroit 11, Michigan 


STTUVUINUULUUUU NEAL UUAUEUULEAUTEAUUUEALEUAU GOO EAU EEUU EAA AAA 


JAM HANDY 
COngangpdiion 


A HAHULNGUAUNUAUUUUULETULUEQOUEUTUHNCUUUTOUOUADOEOUOUENUUUUOUOOUNOUOUUUEOOUUGUOOEOOUOOALUUENUOUUAUO EEO EEO ESTEE 
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Standard + Extended = Complete Program 


which means that .. . 


THE NEW WINSTON ARITHMETICS series 


now includes both standard and extended programs. 


By Leo J. Breuckner, Elda Merton, and 

Foster E. Grossnickle—authors backed by years 
of teaching experience—each book in the series 
combines method with content . . . the result— 
teaching and learning arithmetic become 
exciting experiences. 


The extended program is designed to chal- 
lenge able students to work at the level 
which will provide maximum growth 

in arithmetic. 


So ... to teach arithmetic as a series 
of related meanings, ideas, principles, and 


processes . . . THE NEW WINSTON ARITHMETICS 


offer effective procedures—in step with the 
emerging new trends in modern instruction. 


THE JOHN C. WINSTON COMPANY, a division of 
HOLT, RINEHART & WINSTON, INC. 


1010 Arch St., Philadelphia 7, Pa. 
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NUMBERS AND 
NUMERALS 


by SMITH and GINSBURG 


An illustrated account of the history of 
numbers. Scholarly, yet easy to read. For 


all ages. 


62 pages 35¢ each 


Postpaid if you send remittance 


with order 


NATIONAL COUNCIL OF 


TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. 
Washington 6, D.C. 











New Teaching Aid for 
Multiplication and Division 
Facts to 12 x 12! 


MULTIPLICATION MASTER has two slides 
which index over a base to any one of 156 
multiplication facts. It shows the relation of 
addition to multiplication for each of the 156 
facts. The 144 division facts are shown in a 
similar way on the back of the base. The 
answer cover swings to hide or show the 
answer for each of the 300 multiplication and 
division facts to make drill rapid and easy. 
Students enjoy using MULTIPLICATION 
MASTER individually or with another stu- 
dent. High impact plastic. Free literature. 
Regular price $3.98, special offer $2.98 plus 
12¢ tax in California. Money back guarantee. 
Dealer inquiries invited. Order from: Nine 
Mfg. Co., P. O. Box 3004, Oakland 9, Calif. 














What Does CUISENAIRE Mean? 


Do you want to improve your arithmetic teaching? 
Do you want to keep up with the latest techniques? 
Do you want to ENJOY teaching arithmetic? 


IF SO... write for free illustrated information about the Cuisenaire* 
rods and their uses. (A post card will do). 


CUISENAIRE COMPANY OF AMERICA, INC. 


235 East 50th Street, New York 22, New York 
Telephone: PLaza 2-4033 


* Trade Mark 
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Sure, he can go fishin’ without arithmetic . . . 


but it’s a lot more fun when he knows how to 
weigh and measure the big ones. (And, of 
course, the first thing any good angler must 


know is how to add!) 


Heath’s Learning to Use Arithmetic makes a 
hit even among the strictly man-of-action set. 
Numbers are easy when they appear looking 
like partners-in-enterprise. That is the way 
Learning to Use Arithmetic presents them. 
Never have youngsters made surer progress 
than with these books. And never have teachers 


enjoyed more imaginative teaching aids. 


LEARNING 
TO USE raha er 
ARITHMETIC a 


Gunderson, Hollister, Randall, Urbancek, Wren, Wrightstone 





A COMPLETE 


D. C. HEATH AND COMPANY 
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ARITHMETIC 
MATERIALS 


develop insights and skills 
to assure a real understanding of numbers. 
Available for purchase under 


JUDY CLOCK 
6 National Defense Edu- 


Movable hands on the durable, colorful 5. Act, Title tf. 
14” hardboard face are controlled by vis- 
ible gears to show correct relationship of Order directly from 
minute and hour concepts. 








¢ = 


THE JUDY COMPANY e 310 North Second Street * Dept. AT60, Minneapolis 1, Minnesota 








7-ft. Size 

now FREE 

with Qualifying 

Orders 
DEMONSTATOR SLIDE RULES in 3 MODELS 
Duplicating Pickett Slide Rules used in all grade levels, 7-ft. size Demonstrator with 24 or more NIOIO, 
these Demonstrators can be obtained FREE of cost for NIOIl, any Log Log and all-metal pocket size 
classroom use with these qualifying orders: Pickett Slide Rules. 
See your authorized Pickett Slide Rule supplier or 4-ft. size Demonstrator with 24 or more of any 
write for complete details. Pickett all-metal slide rules. 


PICKETT & ECKEL, INC., 542 South Dearborn Street, Chicago 5, Illinois 





Ready for the Countdown ... 


THE ROW-PETERSON ARITHMETIC PROGRAM 


SECOND EDITION Primer through Grade 8 


Launch your pupils with a strong arithmetic program that teaches the 
“why” as well as the “how” of numbers. Understanding the meaning of 
numbers is the basis for developing self-reliance and competence in all 
arithmetic—from simple addition to complex fractions. Every book in 
the Row-Peterson Arithmetic Program 


presents new concepts clearly, logically 

contains a wealth of problem-solving material 

emphasizes everyday uses of arithmetic 

provides intensive drill, practice, maintenance 

offers systematic instruction in problem-solving techniques 


features additional aids in an exceptional Teacher’s Edition, 
and a complete testing program 


ROW, PETERSON AND COMPANY 


Evanston, Illinois Elmsford, New York 
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For help in CLASSROOM GROUPING 


in arithmetic 


MAKING SURE OF ARITHMETIC 


Individual 
Progress 


Workbooks 


ROSSKOPF, MORTON, GRAY, 
SPRINGSTUN, SCHAAF 


| Individual Progress Workbook 


BE for MAKING SURE OF ARITHMETIC” 


. These new books feature a 


: three-level unit organization 


° that makes it easy for the 


mc ; : 
TWAS teacher to assign work accord- 
md . . 
Ns ing to pupil needs and enables 


~~ 
e : Z 

~ each pupil to progress as far 
as he can. 


Grades 3-8 
TEACHERS’ EDITIONS 








SILVER BURDETT COMPANY 


Morristown, New Jersey 


/ 


Chicago San Francisco Dallas Atlanta 
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Do you have thi helpful sories ? 


How to Use Your Bulletin Board 
Donovan A. Johnson and Clarence E. Olander 
Make your bulletin board a genuine teaching aid. Discusses purposes, 
appropriate topics, supplies needed, techniques, and “tricks of the trade.” 
a Illustrated with reproductions of actual displays. 
12 pages. 50¢ each. 


How to Develop a Teaching Guide 
in Mathematics 


Mildred Keiffer and Anna Marie Evans 
Tells how to develop teaching guides in mathematics to meet your local 


situation. 
Discusses steps in the development of a guide, principles involved, con- 
Py tent, and use. 


Contains an annotated bibliography of reference materials. 
10 pages. 40¢ each. 


How to Use Field Trips in Mathematics 


Donovan A, Johnson, Dirk Ten Brinke, 
and Lauren G. Woodby 


Are field trips worth the time and effort? 


Discusses types of field trips, purposes, where to go, how to plan, fol- 
low-up activities, and the like. 
a 


Gives examples of actual field trips. Interestingly illustrated 
8 pages. 35¢ each. 


How to Use Films and Filmstrips 
in Mathematics Classes 


Robert Volimar and Philip Peak 


Discusses the selection and use of films and filmstrips, including atti- 
tudes, objectives, preview and selection, procedures for effective use, and 


evaluation. 
N () 4 Illustrated with frames and descriptions of actual films. 
5 Gives a bibliography of publications which aid in film selection, with a 
directory of producers and distributors. 
14 pages. 50¢ each. 


How to Use Your Library in Mathematics 
Allene Archer 


A discussion of purposes, outcomes, reference materials, topics, and 
projects. 
Gives information on historical reports, things to make, mathematicians, 
° quotations. 
6 pages. 40¢ each. 


All items in the How-To Series are punched for three-ring binder. 
This feature permits you to keep the entire series for ready reference. 


Please send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 
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INSTRUCTIVES 














umber groupings in the 
an explanation of our system of place 
va addition and multiplication with 


j ca! over, decomposition in sub- 
up of th vi divine wild somamndere—the carefully planned set 


-Ten Teaching Abacus makes 't visually clear just 
= operation involves with tangible manipulative materials. 
A 
Processes 
that we cal] numbers. 


to a 

a vertiont dividing rod are the ten-value counters, nine of them, 
representing ten-values from "teens 

counters are large and the frame itself is big and roomy enough 
so that ~ demonstration the teacher makes on A is — visible 
and understandable to che student at the back of the room. 


a learning to grow 
class establishes 
|e. rote learning. 


Complete meetin for with i 
apie use, examples, come with the 


group and manipulate the counters on an abacus 
an understanding of arithmetic that goes 


$13.50 Postpaid 





SPACE RINGS 
The Floating Mobile! 


Kit c meists of 4 perforated sluminum rings—4” to 8” diam; 
metallic colored yarn; hoop; hanger; directions. 


Stock No. 70,285-SJ .......++++-+- eeccccccccccce $4.95 Postpaid 





ABACUS - 
Gus haces to dust the thing to use 
class to teach place value and 
KK . It is more effective 





4 it 
ah 


$1.30 Postpaid 
16 Abacuses— 
+++-$17.50 Postpaid 


. Rods ............$6.90 Postpaid 
ae 
BY wccccccceccces cocccccescesd .25 8. Postpaid 


25 ccccccccccecceees 2,06 Postpaid 
108 ..cececcceceesees 6.00 Postpaid 
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WORLD-TIME INSTRUCTIVE 


new 
much greater than when only a 
is used for the explanation. Printed on dura- 
ble laminated sheets that can be easily wiped clean. 
Stock No. 60,140-SJ ........... 


wee eeeeeseee 





Create 3-dimensional colored designs that 
“‘float in space’’ simply by weaving fluores- 
cent strands between different planes of 
“shadow box.”’ Design abstractions, plane 
and solid geometrica) figures. For home 
decoration or educationa! use. Kit contains 
3 black notched wood panels (the back- 
ground), each 6%” sq., 3 reels fluorescent 
ee lack clips, needle, instruction 
et. 


Stock No. 70,278-SJ $2.95 Postpaid 





TEACHING AIDS 
D-STIX CONSTRUCTION KITS 


D-Stix clarify geometric figures for the young by 
actually demonstrating them in three dimensions. 
They make recognition and understanding fun. 
They can also be used for showing molecular 
} structures in science classes, concepts of ele- 
mentary science and physics. These modern con- 
struction kits are far superior to older style wood 

© metal construction kits 
d 8 sleeve connectors, 2”, 3”, 


Stock -. yr: Postpaid 
370 pleces, incl. 5, 6, and . sleeve connectors, 2”, 3” oo. +, 
8”, Y eee ors— 

Stock No. 70,210- $5.00 Postpaid 
452 pieces, os ty all items in 70.210 above plus long unpainted 
D-Stix for use in making your own designs— 


Stock No. 70,211-SJ $7.00 Postpaid 





NEW! GRAPH RUBBER STAMP 


Rea] time and labor saver for math teachers. Lf 
your tests require graph backgrounds—no need to 
attach separate sheets of gravh paper and worry 
about keeping them straight. Simply stamp «4 
graph pattern, 3” square as needed on each pa- 
per. Grading graph problems then becomes 100% 

. are 3” square overall—2 different 


$3.00 Postpaid 
No. 50,359-SU $3.00 Postpaid 





Polar Coordinate Graph Stamp—8” Diam. 
Stock No. 50,351-SJ (16 biocks) x 


NEW! JUST OFF PRESS! Write for 
FREE EDUCATIONAL CATALOG—"'SJ”’ 


96 Pages . . . New, Useful Instructives 


Dozens of new devices for teach: mathematics, science, astron- 
omy, physics, etc. Scores of new kits and materials for Science 
Fa'r other science projects! That's what you'll find in Ed- 
mund’s new 96-page Educational Catalog for 1961. It's literally 
packed with new and exclusive math-and-science concepts de- 
veloped by Edmund Scientific Co. and now available to schools 
for the first time. 
Look at the partia] listing of its fascinating contents: low-cost 
models for teaching basic mechanical and physica) principles; 
actual models of communication devices that can be set 
up, taken apart, and reassembled by students; a whole line of 
new ecience kits to spark science projects requiring rea) thought 
and initiative op the student’s part; Truments and materials 
for such diversified activities 13 soi) testing, spectroscopy, and 
—— solar enerzy. These and many more stimulating new 
instruct‘ves make this unique science materials catalog 
to forwirt-looking teachers on al) grade levels. 
Edmund’s well known values in science it—tel 
microscopes, optical materials, and many = school require 
ments—are also included in this Catalog. For standard values 


and exritiag new 
Educational Catalog—‘'S)"’ 





essentia) 





Edmuna’s 196! today. 


SFACTION GUARANTEED! 


EDMUND SCIENTIFIC CO.,54rRriINGTON, NEW JERSEY 
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